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Abstract. In this paper we prove that every Khovanov homology associated to a 
Frobenius algebra of rank 2 can be modihed in such a way as to produce a TQFT on 
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Introduction. 

The Khovanov homology was introduced by Khovanov [Khl] as a categorification 
of the Jones polynomial. The main ingredient of this homology is a monoidal functor 
from the category of cobordisms of oriented 1-manifolds to a category of modules. But 
such monoidal functors are characterized by commutative Frobenius algebras [Ko]. 
Therefore the Khovanov homology can be defined for every commutative Frobenius 
algebra R. The classical Khovanov homology corresponds to the case: i? = Z[a]/(a^) 
and the Lee-version of this homology corresponds to the case: R = Z[q;]/(q;^ — 1). 

An important problem in this theory is to extend the Khovanov homology to a 
monoidal functor from the category of cobordisms of oriented links. The first attempt 
by Khovanov gave a negative answer because of many problems of signs. Functoriality 
up to sign was conjectured by Khovanov and proved later by Jacobson [Ja], Bar Natan 
[BN2] and Khovanov [Kh3]. This functoriality up to sign was used by Rasmussen 
[Ral] to prove a conjecture of Milnor about the slice genus. Strict functoriality for 
alternative versions of Khovanov homology were proven by Blanche! [Bl] and Clark, 
Morrison, Walker [CMW]. In these versions of Khovanov homology, the Kauffman 
bracket is replaced with the s/ 2 -polynomial in [Bl] and the sM 2 -polynomial in [CMW]. 

In this paper we will prove functoriality for the Khovanov homology associated 
to any Frobenius algebra of rank 2 (and the classical Kauffman bracket). 

Suppose A is a commutative ring and i? is a Frobenius A-algebra of rank 2. 
Denote by u 1 —)■ u the involution of the extension K <Z R and by 5 the image of 1 
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under the composite map: 


j-v coproduct j-v product 

it —- y it it- y it 

Denote by the category of cobordisms of oriented links in and by the 
homotopy category of i^-complexes. These categories are both monoidal. The main 
result of this paper is the following: 

Theorem A: There exists a monoidal functor T from to '^k satisfying the fol¬ 
lowing property: 

for any diagram D of an oriented link L, T(L) is isomorphic to the classical 
Khovanov complex of D. 

Such functors are not unique. The construction produces a lot of functors (called 
Khovanov functors) satisfying this property. There is a well dehned invertible el¬ 
ement in R associated to each Khovanov fnnctor: its weight. Actually if C is an 
unknotted cobordism of genus 1 from the unknot diagram (withont any crossing) 
to itself, the image of this cobordism nnder a Khovanov fnnctor of weight tt is the 
multiplication hy 5/x (resp. 5/T) from R to R if the nnknot is oriented clockwise 
(resp. connterclockwise). 

Theorem B: For every invertible element tt E R there is a Khovanov functor of 
weight TT. Moreover two Khovanov functors with the same weight are isomorphic. 

Consider a closed oriented snrface S in R^. This snrface may be consider as 
a cobordism from the empty link to itself. Therefore every Khovanov fnnctor T 
indnces an invariant 'h(5') G K. In the classical case the fnnctor T was well dehned 
up to sign and 'h(5') was determined by Tanaka [Ta] and Rasmussen [Ra2], at least 
for connected snrfaces. They prove that d'(5') doesn’t depend on the embedding 
S C R^. This result is still true in the general case and 'h(5') depends only on S and 
the weight of T and not on the embedding. More precisely we have the following 
result: 

Theorem C: Let T be a Khovanov functor of weight tt E R* and S be a closed 
oriented surface in R^. Then we have: 

i 

where the Pi ’s are the genus of the components of S. 


1. Probenius algebras of rank 2. 

1.1 Definition: Let K be a commutative ring. A K-algebra of rank 2 is a K-algebra 
isomorphic to K[a]/ (P), where P E K[a] is a monic polynomial of degree 2. 

The element a is called a K-generator of R and the involution of the extension 
K E R is called the involution of R. 
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Let -R be a iL-algebra of rank 2 and a be a iL-generator of R. The polynomial P 
is given by: 

P{a) = — sa + p 

with s and p m. K and the involution of i?, denoted by m i—)■ fl, is the identity on K 
and sends a to a = s — a. So we have: 

S = O' O' P ~ O' O' 

and, for any u E R, u + u and uu are in K. 

1.2 Proposition: Let K be a commutative ring and R be a Frobenius K-algebra. 
Suppose R is a K-algebra of rank 2 and a is a K-generator of R. Then there is a 
unique invertible element u in R such that the coproduct and the counit are dehned 
by: 

\/u G R, A(m) = m 0 ua — ua (8) u 
e{u) = 0 e{ua) = 1 

u is called the twisting element of R. 

Moreover, if u is any invertible element in R, the coproduct and the counit dehned 
by the formulae above induce a structure of Frobenius K-algebra on R. 

Proof: Since A is a iL-linear map from Rto R® R, there exist two iL-linear map / 
and g from Rio R such that: 

Vm G R, A(m) = f{u) 0 1 + g{u) 0 a 

Since -R is a Frobenius algebra we have the relation: A(m) = (m 0 l)A(l) and then: 

Vm G R, f{u) = uf{l) g{u) = ug{l) 

We have also the relation: (a 0 1 — 1 0 q;)A( 1) = 0 which implies: /(I) -\-ag{l) = 0. 
By setting: u = g{l) we get: 

A(m) = uu ® a — uua 0 1 = m 0 ua — ua 0 u 

On the other hand the counit satisfies the relation: (1 0 £)A(m) = u which is 
equivalent to: 

e(a;) = 0 e{ua) = 1 

The last thing to do is to prove that u is invertible in R. Set: u = e{a) — ae{l). 
It is easy to see the following: 

e{uu) = e(l) e{uua) = e{a) 

So for any v E R, we have: e{{uu — l)n) = 0. Set: uu — 1 = a -\- ba with a and b in 
K. Testing this formula with v = u and v = ua implies: 6 = a = 0. Therefore u is 
invertible with inverse u. 

The last part of the proposition is easy to check. □ 
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1.3 Remarks: Let Rq be the ring Z[a,a,a,b, (a + ba)~^, (a + ba)~^]. This ring is 
equipped with an involution keeping a and b fixed and exchanging a and a. The ring 
of invariant elements under this involution is: 

Kq = Z[a + a, aa, a, b, ((a + ba){a + ba))~^] 

and Rq is a iLo-algebra of rank 2 with iLo-generator a. By setting: a; = a + ba, we 
see that Rq is a Frobenius algebra with twisting element u. Moreover Rq is universal 
in the following sense: 

Let i? be a Frobenius iF-algebra of rank 2 and /9 be a iF-generator of R. Then 
there exists a unique Frobenius algebra homomorphism from Rq to R sending a to 

/S. 

In particular the endomorphisms of the Frobenius algebra Rq are ring homomor- 
phisms characterized by: 


cx I— y Xcx T p 01 1 — y Ao; T p 

a I—)■ A“^a — b i—)■ \~^b 

where (A, p) is any element of Kq x Kq. 

Another description of the universal algebra Rq was founded by Khovanov in 
[Kh4]. 


1.4 From now on K will be a commutative ring, R a Frobenius iF-algebra of rank 2 
and a a iF-generator of R. The twisting element in R will be denoted by u. Set: 

t = e{l) S = u{a — a) 0 = — 

CO 

It is easy to see that these elements do not depend on the choice of a. Moreover we 
have the following relations: 

t6 = i-e t = t s = -e-^s e = e-^ 

Set: A = Z[t, 6, (1 — This ring is a ring with involution and it is contained in 

the algebra Rq. Therefore every Frobenius algebra of rank 2 is an A-algebra. 

By setting: s = 65 = —9~^6‘^ = —{l — t5)~^6‘^, it is not difficult to see that the ring 
of elements in A that are fixed by the involution is Z[s,f] and A is a Z[s, f]-algebra 
of rank 2 with Z[s, t]-generator 6. 

1.5 Lemma: The ring of elements in Rq which are invariant under every endomor¬ 
phism of Rq is the ring A. 

Proof: Suppose that ai, ... ,ap are elements in a commutative ring A. Then denote 
by A < oi,..., Op > the ring obtained by inverting oi,..., Op in A. So we have: 

Rq = Z[q;, a,a,b] < a + ba, a + ba > 
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We have the following: 


u = a + ba t = e(l) = a;(l — tS) = u 

UJU 

and then 

Rq = 7i[a,a — a, b, ca] < u, U) >= Z[q;, S, b,u] < lj,lJ > 

= Z[q;, t, 5, ca] < ca, 1 — tS >= (^Z[a, t,S] < 1 — tS > j [ca^] 

Consider the endomorphisms of Rq sending a to a + fi, for some /i G Kq. These 
endomorphisms keep t, S and u fixed. Then the ring Ri of elements in Rq which are 
invariant under these endomorphisms is: 

Ri = Z[f, (5, ca] < ca, 1 — t5 >= ^Z[f, 5] < 1 — j 

But every endomorphism of Rq keeps t and <5 fixed, and multiplies u by any element 
A G Kq. Since Kq contains any power of uZJ, the ring i ?2 of elements in Rq which are 
invariant under every endomorphism of Rq is: 

= Z[t,5] < 1 - t5 >= A □ 


Denote by the category of cobordisms of oriented curves (i.e. closed oriented 
1-dimensional manifolds). The disjoint union induces on a monoidal structure. 
TQFT’s for oriented surfaces are in one to one correspondance with commutative 
Frobenius algebras [Ko]. In particular the Frobenius algebra R induces a monoidal 
functor <F from ^ to the category of iF-modules. This functor has the following 
properties: it sends 0 to K and to R, unit, counit, product and coproduct of R 
are the image under $ of suitable cobordisms and, for every oriented closed surface 
S, $(2) is an element of K. An easy computation gives the following: 


1.6 Lemma: For every p > 0 denote by Sp an oriented surface of genus p. Then 
we have the following: 

4(E,) = 






1 — xS' 


t + x{2 — Rs) 
1 — xts -|- x‘^s 


G K[[x] 


Remark: If R is the ring Rq and S' is a closed oriented surface, *h(S') is an element 
of Z[f, s] of degree x(S') where the degree in Z[f, s] is dehned by: d°t = 2, d°s = —4. 

Remark: The Khovanov homology is dehned by using a Frobenius algebra R. The 
classical Khovanov homology corresponds to the case: R = Z[q;]/(q;^) and the Lee 
version of the Khovanov homology corresponds to: R = Z[q;]/(q;^ ~ !)• In both cases, 
we have: 

(jj = 1 t = 0 6 = 1 6 = 2a s = —4a'^ 
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1.7 The category of mixed cobordisms . The functor is defined on the 
category but it is possible to extend it to a bigger category 

First of all, if S' is a surface, consider the commutative monoid with unit defined 
by generators and relations. Generators are pairs {x,a) E S x R and the relations 
are the following: 

{x, a){x, b) = (x, ab) 

(x, 1) = 1 

An element of this monoid will be called a /^-marking of S. 

If C and C are two closed oriented curves, define a mixed cobordism from C to 
C as a triple (S', F, u) where: 

— S' is a compact surface containing a closed curve F in its interior 

— S' \ F is oriented with boundary: d{S \ F) = C — C 

— when crossing F the orientation of S' \ F is changed 

— M is a i?-marking of S' \ F. 

The category is defined as follows: the objects of are the objects of that 
is the oriented curves. A morphism in from an oriented curve C to an oriented 
curve C is the isomorphism class of a mixed cobordism (S', F, u) from C to C. So 
we get a monoidal category containing . 

1.8 Proposition: There is a unique monoidal functor from to the category 
of K-modules satisfying the following: 

1 j is an extension of the functor $ 

2) <h'(S', F, (xi, ai){x 2 , 02 )... {xp, Up)) depends only on the isotopy classes of the 
Xi’s in S \ r 

3) <h'(S', F, (x, a)u) is K-linear with respect to a. 

4) if (S', F, (x, a)u) is a mixed cobordism and x' is obtained by making x go through 
F, we have: <h'(S', F, (x, a)u) = <F'(S', F, [x\a)u) 

5) <I>'(S'^ X [0,1], 0, (x, a)) is the multiplication by a, from R = <F'(S'^) to R 

6) <h'(S'^ X [0,1],S'^ X {1/2}, 1) is the map aeE 5a 

7) <h'(S', F, XL) vanishes if S is not orientable. 

Proof: Let and <h" be two functors satisfying all these conditions. Because of 
conditions 1) and 5), and are the same on mixed cobordisms (S', 0, u). Consider 
now a mixed cobordism (S', F, u) from C et C. Let iV be a small regular neighborough 
of F and S' be the closure of S' \ iV. Then the morphism (S', F, u) is the composite 
of (S", 0, u) from G to C" JJ ON and 1 x (iV, F, 1) from C JJ dN to C. Therefore, in 
order to prove that and <F" are the same on (S', F, u) it is enongh to prove that <F' 
and <F" are the same on (iV, F, 1). But that’s a consequence of conditions 6) and 7). 
So, if the fnnctor exists, it is uniqne. 

For the constrnction of it is enough to consider the nniversal case: R = Rq. 
Consider a mixed cobordism (S', 0,n) from Cq to Ci. This cobordism is a composite 
of cobordisms on the form (S", 0,1) or (C x [0,1], 0, u). Because of conditions 1) and 
5), there is a nniqne choice for the morphism <F'(S', 0,n). Moreover properties of R 
and imply that this morphism depends only on the cobordism (S', 0,n). 
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Consider now any mixed cobordism [S, F, u) from C et C. As before denote by N 
a small regular neighborough of F and S' be the closure of S'\ A^. Then the morphism 
(S', F,m) is the composite of (S'',0 ,m) from C to C'Y[dN and 1 x (A^, F, 1) from 
C ]J ON to C. So to dehne <h'(S', F, m), it’s enough to dehne <h'(A^, F, 1) : ^'{dN) —)■ 
K. Let Fj be the component of F and Ni be the component of N containing Fj. We 
must set: 

$'(iV,F,l) = ®,$'(W,F,,l) 

If Ni is a Mobius band, we have to set: <h'(Aj,Fj,l) = 0. If not, W is a band 
Fj X [—1,1] and we define the map <h'(Aj,Fj, 1) from R® R to K by: a®h e-)■ ab + ba. 

So we get a monoidal functor from to the category of iF-modules. It is not 
difficult to check all the conditions except the last one. 

Suppose that (S', F,m) is a mixed cobordism from C to C, where S is nonori- 
entable. Since S isn’t orientable, there exists a loop 7 starting at some point a; G S'\F 
and intersecting transversally F an odd number of times. If m is a product of (a;*, Oj), 
we may suppose that 7 doesn’t meet any of the Xi's. Let D be a small disk in 
S' \ (F U 7 ) near x and S' be the closure of S \D. Then (S', F, u) is the composite of 
(S", F, u) from C to C" ]J S'^ and 1 x {D, 0, 1 ) from C ]J S'^ to C and it is enough to 
prove that <h'(S",F,M) vanishes. 

Because of conditions 3) and 4) we have: 

<h'(S'', F, (a;, q;)m) = <h'(S'', F, (a;, a)^) <h'(S", F, (a;, a — «)«) = 0 

But <h'(S", F, u) is a morphism from <h'(C) to <h'(C" ]J S'^) = <h'(C") 0 R. So we have: 

(1 0 (a — a))<h'(S", F,M)(n) = 0 

for any v G <h'(C). Since a —a is not a zero divisor in i? = i?o, *h'(S", F, u){v) vanishes 
for every v G $'((7) and <h'(S", F, u) is the zero map. □ 


2. Khovanov complexes of diagrams. 


In this section we’ll construct many Khovanov complexes associated to link di¬ 
agrams (oriented or not). All these complexes are graded (or bigraded) differential 
iF-modules (or i?-modules). 

2.1 Notations: Let X be a hnite set. Denote by A(X) the maximal exterior power 
of the Z-module freely generated by X. This module is a free Z-module of rank 1. 

Suppose X is a graded set. The grading if dehned by a map e from X to Z and 
we get a Z-grading on A(X) by the rule: 

d°{XiAX2/\ . . . AXp) = e{xi) 

i 

This graded module will be denoted by A®(X). If e is the map x ^ 1 (resp. x i-7 —1), 
A®(X) will be denoted by A+(X) (resp. A“(X)). 
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2.2 The Khovanov complex kh{D). 


Let D be a link diagram and X be the set of crossings of D. Denote by X the 
set of maps s : X —)■ {±1}. Such a map is called a state on D. 

If s G X is a state, we can modify D near each crossing x by the rule: 



So we get a new diagram Dg called the s-resolution of D. This diagram is a curve 
embedded in the plane and there is a unique compact X C such that Dg is the 
boundary of K. Since K is oriented by the plane, Dg is an oriented curve. Denote 
by Xg the set 1). So for every state s we have an oriented curve Dg and a set 

X,. 

Consider the following graded X-module: 

E=® K-{Xg)®^{Dg) 

S 

Let a; be a crossing of D. By sending a; to —1 and all the other crossings to 1 we 
get a state ex- If s is a state denote by s' the state The manifold Dgi is obtained 
from Dg by a surgery along a curve 'jx near x. So we get an oriented cobordism from 
Dg to Dg! and, via the functor <h, a map from *h(Ds) to ^{Dg/) still denoted by 
Using this map we have a map x ® ^x from A“(Xs) 0 to A“(Xs/) 0 ^{Dg/) 

dehned by: 

XAU 0 'Jxiv) 

Notice that this map is trivial on A“(Xs) 0 ^{Dg) if x belongs to X^. 

It is easy to see that the map d = Yhx 0 7 x is a differential on E of degree —1. 
So we get a complex {E,d) denoted by kh{D) (or kh{D,R)). 

2.3 Remark: If i? = Z[q;]/(q;^) and D is oriented, the classical Khovanov complex 
of D is essentially isomorphic to some suspension of kh{D). 

2.4 The operators Tp. 

If D be a link diagram, a point in D which is not a crossing will be called a regular 
point in D. 

Let D be a link diagram and p be a regular point in D. Let a be an element of R. 
If s is a state on D, there is a unique component C of Dg containing p. Denote by D' 
the complement of C in Dg. The multiplication by a0l in ^{Dg) = $((7) 0<h(D') = 
R0 <h(D') is an endomorphism / of ^{Dg). So the map: 


l0/:M0ni—)-M0 f{v) 



is an endomorphism of kh{D). This endomorphism will be denoted by Tp{a). 

2.5 Proposition: Let D be a link diagram. Then, for every regular point p E D 
and every a E R, Tp{a) is a morphism of complexes of degree 0 from kh{D) to itself. 
Moreover these operators satisfy the following properties: 

— The operators Tp{a) commute. 

— The map a i—)■ Tp(a) is a K-algebra homomorphism from R to End{kh{D)). 

— Let p and q be two regular points in D. Suppose that these points are the 
endpoints of a path in D going through exactly one crossing. Then, for every a E R 
the two operators Tp{a) and Tq(a) are homotopic. 

Proof: All these properties are easy to check except the last one. 

Denote by x the crossing between p and q. 


R 


\x 


R 


Denote by (resp. D ) the diagram obtained from D by a positive (resp. negative) 
resolution at x. By setting U = kh{D^) and V = kh{D~), we have: 

kh{D) = 1 ^ U ® X 

Denote by 7 the surgery homomorphism corresponding to the surgery along the path 
7 a;. It is a morphism from U to V and from V to U. Denote by k the map from 
kh{D) to itself dehned by: 

k{l 0u) = 0 k{x 0v) = l0 7 (n) 

We can check that the corresponding homotopy d{k) = dok + kodis the map 107^. 

Set: T = Tp0Tq. This operator is a map from R0 R to the algebra of endomor- 
phisms of kh{D). It is easy to check the following: 

d{k) = T(A(1)) = Tp{u)Tq{a)-Tp{ua) = Tq{u)Tp{a)-Tq{ua) = Tq{u){Tp{a)-Tq{a)) 

and Tp{a) is homotopic to Tqifa) because u is invertible. Let a = u + va he any 
element in R with u and v in K. If ~ is the homotopy relation, we have: 

Tp{a) = u + vTp{a) ~ m + vTqifa) = Tqili) □ 


2.6 The Khovanov complex kh{D,p). 

Let D be a link diagram and p be a regular point in D. Such a pair {D,p) will 
be called a pointed diagram. The operator Tp induces an action of R on the complex 
kh{D). Using this action kh{D) becomes a graded differential i?-module denoted by 
kh{D,p) (or kh{D,p, R)). It is easy to see that kh{D,p) is free over R. 

The algebra R may be big: the transcendance degree of Rq is 4. Nevertheless the 
complex kh{D,p) can be reduced to a smaller complex. 
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Consider a graded commutative ring A. Denote by the class of bigraded 

differential free A-modules C satisfying the following: 

d°a = n, d°u={p,q) d°{au) = {p,q + n), d°{du) = {p — 1, q — 1) 

for every a G A and u E C. The first component of this degree is called the homo- 
logical degree and the second the g-degree. 

Consider the ring A = Z[f, S, (1 —This ring is graded by the rule: 

d°t = 2 d°6 = -2 


Moreover R is an A-algebra. 

2.7 Proposition: There is a correspondance associating to every pointed diagram 
{D,p) a complex kh'{D,p) G and an isomorphism: 

kh(D,p) —^ R 0 kh'{D,p) 

A 

compatible with the degree in kh{D,p) and the homological degree in kh'(D,p). 

Proof: Let (D,p) be a pointed diagram and X be the set of crossings of D. For 
any state s : X —)■ {±1}, denote by Cg the set of connected components of Dg. This 
set is pointed by the component cq of Dg containing p. Denote by Ug the set of maps 
A : Cs —)■ {±1} sending cq to 1. Finally denote by U the set of pairs (s, A), where s 
is a state and A is an element of Ug. 

Because of the universality of Rq, we may as well suppose that R is the algebra 
Rq. In this case, we have a degree in R: 

d°a = d°a = -2 d°uj = d°u = 0 d°t = 2 d°5 = -2 

For every state s, set: 

Ng= ® Re{s, A) Mg = K~{Xg) 0 Ng 

\eUs 

where the elements e{s, A) are formal vectors in one to one correspondance to the 
elements of U. We set also: 

M =© Mg 

S 

We put a degree on Ng by: 


d°ae{s, A) = d°a + A(c) 

ceCs 


and a bidegree on M by: 

d°{u 0v) = {d°u, d°v) 

Let s be a state. Take a numbering of Cg: Cg = {cq, ci,..., Cg_i} in such a way 
that Co contains the point p. Every A G is on the form: Ci i—)■ Aj with Aq = 1. 
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Consider elements Oj G i? for 0 < i < g. For every X E Ug we set: 


cij (A) 


tti if Aj = 1 
e{ai) if Aj = -1 


Then we get a map (ps from *h(-Ds) = to Ng defined by: 

(g) Oj !-)■ 

XG^Us ^ 


It is easy to check that this map is i?-linear and bijective. Its inverse is given by: 


<^s^(e(s,A)) = n 

0<i<q 

with: 

, ^ f UiUjQ^ if Ai = 1 

* \ a;i(Q;i - Clio) if A* =-1 

and: Mj = 1®* 0 m (g) l®('?“*“i) for m = a; or m = a. 

The isomorphisms pg induce an isomorphism p from kh{D,p) to M. Via this 
isomorphism, the differential on kh{D,p) induces a differential d' on M. A straight¬ 
forward computation shows that the bidegree of d' is (-1,-1) and the entries of 
the matrix associated to d' are in {0, ±1, ±5, ±d~^, ±d~^t, ±6'“^(5}. That implies the 
result with: 

kh'{D,p) =® A-{Xg)^ ( ® Ae(s,A)) □ 

S XX^Ug / 


Using technics in [Kh4] it is possible to get a stronger reduction. Let fi be the 
element a — a = S/u G Rq. Every Frobenius algebra of rank 2 is a Z[/9]-algebra. 
Moreover the map t i—)■ 0 and <5 i—)■ /9 induces a ring homomorphism A —)■ Z[/9] and 
Z[/9] is an A-algebra. 

2.8 Proposition: For each pointed diagram (D,p), denote by kh"{D,p) the com¬ 
plex Z[/3] 0A kh\D,p) G ./^**(Z[/9]). 

Then, for each pointed diagram (D,p), there is an isomorphism of complexes: 

kh(D,p) (g) kh''(D,p) 

m 

compatible with the degree in kh(D,p) and the homological degree in kh"{D,p). 
Proof: Let R' be the algebra R equipped with the following coproduct and counit: 

A'(m) = A{u/u) £'{u) = e{uu) 

It is easy to see that R' is a Frobenius algebra with generator a and twisting element 
1. Then R' is an A-algebra and t and <5 in A are sent to 0 and /d in R. So the 
A-algebra structure of R' is actually an Z[/9]-algebra structure. 
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Let {D,p) be a pointed diagram. For every state s, Dg is oriented. In particular 
Di (corresponding to the state a; e-)■ 1 ) is the oriented boundary of a unique compact 
K in the plane. Consider a point q near p in the interior of K. 

Let s be a state. If c is a component oi Dg, c is the oriented boundary of a unique 
compact Ks{c) in S"^. So we dehne an integer f{s,c) by: 

nK) + l- x(K) if q 6 A',(c) 

^ > y x(iFs(c)niF) otherwise 

where y is the Euler characteristic. 

It is easy to see the following: 

Let s be a state, and a; be a crossing of D with s(a;) = 1. Denote by s' the state s 
modified at x {s' = sCx). If the surgery operator connects two components c and 
c' of Dg into a component c" of Dgi, we have: 

f{s\c") = /(s,c) + /(s,c') 

If the surgery operator disconnects a component c of Dg into two components c' and 
c" in Dg', we have: 

f{s,c) + l = f{s',c') + f{s',c") 

So, following [Kh4], we get an isomorphism between the complexes kh{D,p, R) 
and kh{D,p, R'). This isomorphism is dehned as follows: 

«® (0«® (® 

for u G A“(Xs) and Vc G R. Thus we have: 

kh{D, p, R) ~ kh{D, p, R') ~ i?' 0 kh'{D, p) 

A 

0 Z[P]®kh'{D,p) = R' 0 kh"{D,p) □ 

m A Z[/3] 

The only problem with this new reduction is the fact that (5 is not necessarily stable 
under the endomorphisms of R. 

Another (more serious) problem is the fact that these reductions do not induce 
any canonical reduction for kh{D). 

2.9 The operators Tp. 

If a link diagram D is oriented, it is possible to modify the operators Tp in the 
following way: 

Suppose p is a regular point in D. Let g be a point in a neighborough of p and on 
the left hand side of D and n be the winding number of D about q. For every a E R, 
dehne Tp{a) as the operator Tp{a) if n is even and the operator Tp{a) if n is odd. So 
Tp acts on kh{D). It is easy to see that all these operators commute and that the 
homotopy class of Tp{a) depends only on a and the component of D containing p. 
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2.10 Khovanov complexes of oriented diagrams. 

Let D be an oriented link diagram. Since D is oriented, each crossing of D has a 
sign. Denote by X_ the set of negative crossings of D. So we define: 

KH{D) = kh{D) ® A+(X_) 

This is a graded differential iL-module. If needed this complex will be denoted by 
KH{D,R). 

The main result of this paper is to prove that the correspondance D i—)■ KH{D) 
comes from a monoidal functor from the category of cobordisms of oriented links in 

to the homotopy category of iL-complexes. 

If i? = Z[q;]/q;^, KH{D) is essentially isomorphic to the classical Khovanov com¬ 
plex. But the isomorphism between these two complexes is not canonical. It is 
canonical only up to sign. 

If p is a regular point in D, the operators Tp{a) induce a structure of i?-complex 
on KH{D). This complex will be denoted by KH{D,p) (or KH{D,p, R)). 

We have also the complex KH'{D,p): In the case: Tp{a) = Tp{a) the complex 
KH'{D,p) is the complex /ch'(D,p)0A+(X_). In the case: Tp{a) = Tp{a), KH'{D,p) 
is the complex kh'{D',p) ® A’''(X_) where the D' is the diagram D with the oppo¬ 
site orientation. In any case KH\D,p) is a complex in and KH{D,p) is 

isomorphic to R<S)a KH\D,p). 

As before we have also the complex KH"{D,p) = Z[f3]<^AKH'{D,p) in .y#**(Z[/9]). 

2.11 Proposition: Let D be an oriented link diagram. Consider a circle C con¬ 
tained in a half plane disjoint from D and oriented clockwise. Denote by (D°,p) the 
union D U C pointed by a point p in C. Then we have canonical isomorphisms of 
R-complexes: 


R (D KH(D) ~ R KHTD°,p) ~ R O KH”(D°,p) 

K A Z[/3] 


Proof: The i?-complex R0 KH{D) is obviously isomorphic to KH{D°,p,R). The 
result follows. □ 

2.12 The modules E{D) and E{D,p) 

Consider an oriented link diagram D. Denote by C the set of components of D, 
by X the set of crossings of D and by e : X —)■ {±} the map sending each crossing to 
its sign. For each map a : C* —)■ {±} and each sign e denote by the subdiagram of 
D where a is equal to e. Denote also by D{a) the diagram D where the orientation 
on D~ is changed and by Y{a) C X the set of crossings between D+ and D~. 

For any ring B denote by E{D, B) the following graded R-module: 

E{D,B)= © A-^{Y{a))(^Bv{a) 

a:C^{±} 
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where the w((t)’s are formal vectors in one to one correspondance with the cr’s. 

Let p be a regular point in D. Let Cq be the sign with is equal to + if and only 
if the operators Tp and Tp are the same on KH{D). The set C is pointed by the 
component cq containing p. Denote by C the set of maps a : C —)■ {±} sending cq to 
cq. So, for any ring B denote by E{D,p,B) the following graded -B-module: 

E{D, p, B) = A~%Y{a)) ® Bv{(t) 

o-eC 

If i? is a graded ring, E{D, B) and E{D,p, B) is bigraded by the rule: 

d°{u © bv{a)) = d°b + b^) 

where b^ the number of components of the oriented resolution of D{a). By equip¬ 
ping E{D,B) and E{D,p,B) with the zero differential, these modules become B- 
complexes or complexes in (5). 

2.13 Lemma: Let {D,p) be a pointed oriented diagram. Then there are caconical 
morphisms of complexes: 

(p(R) : KH(D, p, R) —^ E{D, p, R) 

ip':KH'{D,p)^E{D,p,A) 

ip":KH''iD,p)^EiD,p,Z[l3]) 

of degree 0 or ( 0 , 0 ). 

Proof: Let a be an element of C. The oriented resolution of D(a) (i.e. the only 
resolution compatible with the orientation) is the diagram Dg where s is the state 
X I—)■ e{x)a{c)a{c') and c and c' the components of D containing x. 

Let Z{a) be the complement of Y (a) in X. For each subset iL of X we denote by 
(resp. H_) the set of positive crossings (resp. negative crossings) in H. So we 
have: 

Xs = Y{a)+UZ{a). X_ = F(a)_ U Z(a)_ 

For any u E R and any sign e dehne the element by: 

= U = U 

The set Cg of components of Dg has q = b„ elements. Take a numbering of Cg-. 
Cg = (co(<s), Ci(s),..., Cg_i(s)), such that Co(s) contains the point p. For each i < q, 
denote by d* the winding number of Dg about a point to the left of Ci(s) and by a* 
the sign (—l)'^^ 

We have a morphism from KH{D) to A~'^{Y{a)) © R: 

This morphism is trivial on A“(Xs/) © ^(Zl^/) © A'''(X_) for s' ^ s. For s' = s, 
we have: 

A-(X,)©$(D,)©A+(X_) ~ A-(F(a)+)©A-(©(a)_)©i?®'?©A+(F(a)_)©A+(©(a)_) 
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and A (X^) 0 ^{Ds) < 8 ) A+(X_) is canonically isomorphic to A '^{Y{a)) 0 So 
the map /„- is on A“(Xs) 0 <h(-Ds) 0 A+(X_) the following: 

A-(X,) 0 0 A+(X_) ^ A~%Y{a)) 0 ^ A~"(Y{a)) 0 R 

where g is the map: 

bo^bi<S)... <S) bq-i H- 6 -“*^ 

i 

More precisely, is the map: 

Ml 0 M2 <8) % <8) ^4 0 Ms H-)■ ( —< M2, Ms > M1AM4 0 5f'(M3) 

for every (mi,M 2 ,M 3 ,M 4 ,M 5 ) G A“(F((t)+) x A~{Z{a)-) x *h(-Ds) x A’''(F((t)_) x 
A+(0((t)_), where |m| is the degree of m, g' is the map: 

$(D,) ^R®^^ ^R 

and <?, ? > is the isomorphism A“(0 ((t)_) 0 A+(0((t)_) —^ Z dehned by: 

< a;iAa;2A... ax^, a;iAa;2A ... AXn >= (— 

It is easy to see that this map is a morphism of degree 0 from KH{D) to 
A~^{Y ((T)) 0 i? inducing a morphism (pa{R) from KH{D,p, R) to A“®(F {a))^Rv{a). 

On the level of complexes KH', we get a morphism from KH'{D,p) to 
A~^{Y (a)) 0 Am((j). This morphism sends e(s. A) to 0 if there exists an i with a* = cq 
and Aj = —. If it is not the case, the morphism sends e(s. A) to 6~'^{—6Yv{D'), where 
d is the number of i such that: A* = — and c the number of i such that: a* = —cq. 
Because of the degree of v{a), the bidegree of pa is (0, 0). 

By taking the sum of all these morphisms we get the desired morphisms p{R), p' 
and then p". □ 

2.14 Remark: Suppose 5 is invertible in R. Then the map p(jR) has a section. By 
using the notations above this section is a morphism of complexes dehned by: 

A-"(F(a)) 0 RM(a) ^ A-(X,) 0 RM(a) 0 A+(X_) A-(X,) 0 $(/!,) 0 A+(X_) 

where g is the map: 

uv[a) H- Mo j 

0<i<j<q 

and Mj is, for every u E R, the element 1®* 0 m 0 

2.15 Theorem: Let {D,p) be an pointed oriented link diagram. Suppose that the 
underlying graph of D is connected. Then the morphisms: 


p(R) : KH(D,p,R) E(D,p,R) 



■.KH\D,p)-^E{D,p,A) 

■.KH"{D,p)^E{D,p,Z[^]) 

are surjective and the action of (3 is homotopically nilpotent on their kernels. 

Proof: Because the underlying graph of D is connected, the map sending n G C* to 
the state s : a; i-G- e{x)a{c)a{c') is injective. Therefore all maps p are surjective, in 
particular p". 

The last thing to do is to prove that the action of P on the kernel U of cp" is 
homotopically nilpotent. But that is equivalent to the fact that Z[/9^] ®z[/ 3 ] U is 
acyclic. Let B be the ring Z[l3^] and Ri be the algebra B x B. Using the diagonal 
map B ^ B X B, Ri is a Frobenius 5-algebra of rank 2 with generator (1,0). In this 
algebra, the involution is: {u,v) i—)■ {v,u), the twisting element is 1 and the counit is: 
(n, v) u — V. 

It is clear that B is acyclic if and only if Ri®U is acyclic. Therefore it is 
enough to prove that p>{Ri) induces an isomorphism in homology from KH{D,p, Ri) 
to E{D,p, Ri). But in i?i we have two orthogonal idempotents: 

7r+ = (l,0) 7r_ = (0,l) 

So we can use the Karoubi completion method of Bar-Natan and Morrison [BM] to 
prove that <p{Ri) is a homology equivalence. □ 

2.16 Remark: If the underlying graph of D is not connected the result is still 
true but the kernels have to be replaced by the homotopy kernels. In particular the 
morphisms p are homotopy equivalences if 6 is invertible in R. 


3. Elementary moves. 


Consider an elementary move (i.e. a Reidemeister move or a surgery move) / : 
D ^ D' transforming a link diagram D into a link diagram D'. If the correspondance 
D I—)■ kh{D) comes from a functor on the category of cobordisms of links, the move 
/ would have to induce a morphism /* from kh{D) to kh{D'). So the first thing to 
do is to associate to every elementary move f : D ^ D' a morphism from kh{D) to 
kh{D'). 

3.1 Proposition: There is a correspondance associating to every elementary move 
f : D ^ D' a morphism /° : kh{D) —)■ kh{D') such that: 

if f is a Reidemeister move with inverse move g, /° is a homotopy equivalence 
and is a homotopy inverse of /. 

Proof: In order to construct the correspondance / e-)■ /°, we have to consider all 
types of elementary moves. 

Snrgery moves: There is three kinds of surgery moves: surgery moves of index 0, 1 
or 2. A surgery move f:D^D'of index 0 transforms D by adding a circle bounding 
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a disk in the plane which is disjoint from D and the inverse move g : D' ^ D is a 
surgery move of index 2 . 


/: 


O 


Let D be a link diagram. Consider a path 7 embedded in the plane which doesn’t 
meet any crossing point of D and intersects D in its boundary. Such a path is called 
a surgery path of D. 

A surgery move f : D ^ D' of index 1 is a modification D D' hj surgery along 
some surgery path 'j of D. 



Suppose f:D-^D'isa surgery move of index 0 and g : D' D its inverse move. 
Then we have: kh{D') = kh{D) 0 R and the map and g^ are dehned by: 


V(m, a) G kh{D) x R, f^{u) = m 0 1, g^{u 0 a) = ue{a) 


Suppose f : D ^ D' is a surgery move of index 1. This surgery move is dehned 
by a surgery path 7 . For every state s the surgery induces, via the functor <h, a map 
7 : —)■ and these maps induce a map /° from kh{D) to kh{D'). It is 

easy to see that /° is a morphism of complexes. 


Reidemeister moves of type I: There is four kinds of Reidemeister moves of type 
I depending of two signs. The hrst sign is + (or 1) if the move creates a new crossing 
and — (or —1) if it removes one crossing. The second one is the sign of this crossing 
(for any orientation of the diagram). We say that / is a Reidemeister move of type 
Ig, if / is a Reidemeister move where e is the hrst sign and e' the second one. It is 
clear that the inverse move of a Reidemeister move of type is a Reidemeister move 
of type 

Consider a Reidemeister move f : D ^ D' of type I^ and denote by g its inverse 
move (of type I“). Let x be the created crossing and U be the complex kh{D). Let 
p be a point in D which is near x. So we have: 

,,/^/N_ri70R©a;0l7 ife = + 

^ ’~\U®x(^U(^R ife = - 


Suppose e = +. Then the move is the following: 


/: 



and we set: 

y{u,a)EUxR, f^{u) = u^ua — Tp{a)u^u, g^{x®u) = 0, g^{u®a) = ue{a) 
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Suppose e = —. Then the move is the following: 


/: 



and we set: 

V(m, a) ^ U X R, /°(m) = a; ( 8 ) n 0 1 9^{u) = 0, g^{x ^ u ® a) = Tp{a)u 

It is not difficult to see that /° and are morphisms of complexes and that g^ is a 
left inverse of /°. Moreover the cokernel of /° is the mapping cone of an isomorphism. 
So is a homotopy equivalence and g^ is a homotopy inverse of /°. 

Reidemeister moves of type II: There is two kinds of Reidemeister moves of type 
II: Reidemeister moves of type IR that create two new crossings and their inverses 
of type 11 “. 

Consider a Reidemeister move f:D^D'of type II’'' and its inverse move 
g : D' ^ D. Let D” be the diagram obtained from D by a surgery along a path 
joining the two branches of D modified by /. 


/: 



W 


D" : 




Denote by U and V the complexes kh{D) and kh{D''). Then we have: 

kh{D') = V®x®U®y®V®R®XAy®V 

where x and y are the created crossings in D'. Surgery moves from D to D" and 
from D" to D induce morphisms 7 : R —)■ R and 7 : R —)■ C. The morphisms p and 
g^ are defined by: 

\/u E U, p{u) = X ® u + y ® 'y{T{u~^)u) ® u, g^{x®u)=u 

V(n, a) E V X R, g^{v) = g^{xAy ®v) = 0, g^{y ®v®a) = —e(a) 7 (n) 

where T is the operator Tp for some p in one of the two branches of D. 

We can see that g^ doesn’t depend on p and /° and g^ are morphisms of complexes. 
Moreover g^ is a left inverse of /° and the cokernel of p is the mapping cone of an 
isomorphism. So p is a homotopy equivalence and g^ is a homotopy inverse of p. 

Reidemeister moves of type III: There is two kinds of Reidemeister moves of 
type III depending on a sign. If / : D —)■ D' is a Reidemeister move of type III, three 
crossings of D are modihed. These crossings are the vertices of a triangle 0 which is 
oriented by the orientation of the plane. We number the branches starting with the 
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top branch and ending with the bottom one. So we get a numbering of the edges of 
the triangle. We say that the move is of type III+ if this numbering is compatible 
with the orientation of 0 and III_ if it is not the case. 

Let’s denote by x the intersection of the top branch and the bottom branch. The 
other vertices of 0 are denoted by y and 2 : in such a way that the numbering (x, y, z) is 
compatible with the orientation of the triangle. We proceed similarly for the diagram 
D' and the move is the following: 



By resolution of D near the triangle we get hve new diagrams: 



and, for D', we get: Dq = Di, D[ = Dq, D'^ = D'y = Dy and D'^ = Dz- 

With these new diagrams we get hve new complexes: U = kh^Do), V = kh{Di), 
A = kh(B^), B = kh{Dy), C = kh{Dz). 

Consider six points pi,i G Z/6, sitted as follows in D: 


pi P6 



All these points are in a circle T which bounds a disk A. Since the move modihes the 
diagram D only in A, the points pi are also in diagrams D\ Do, Di, D^, Dy and D^. 

The arc of T with endpoints pi and pi-i will be denoted by 7 ^. This arc induces 
a surgery operator still denoted by 7 ^. We’ll denote also by Tj the operator Tp^. All 
these operators are well dehned on the complexes U, V, A, B and C. 

Suppose / is a move of type III_|.. Then the move is the following: 



And we have: 

kh{D) = V<S)x<^V<^R<S)y<^C®z<^B® y/\z ® f/ © xaz © C © XAy © C © XAyAZ © A 
kh{D') = U ©a;©t/ ©i?©|/©C©2:©i?© yAZ © C © xaz ®U ® XAy ®U ® XAyAZ © A 
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In kh{D) and kh{D') the differential d is on the form d = di+d 2 , where di corresponds 
to the differentials of the complexes U, V, A, B, C. The map d 2 is dehned on kh{D) 

by the following (for any r E R, u E U, v E V , a E A, h E B, c E C): 

d2{v) = a; 0 7i(n) + y 72(n) + z 76(n) 

d 2 {x ®v ®r) = —Xhy 0 T^{r)v — x^z 0 T^{r)v 
d2{y 0 c) = x/\y 0 7i(c) - y/\z 0 74(c) 
d2{z 0 &) = XAZ 0 7i(6) + y/\z 0 74(6) 
d 2 {y/\z 0 m) = XAyAZ 0 71 (m) 
d2{xAZ 0 n) = —XAyAZ 0 74(n) 
d2{xAy 0 n) = XAyAZ 0 74(n) 
d2{xAyAZ 0 a) = 0 

and, by exchanging U and V and replacing 7 * and R by 7^+3 and Tj+ 3 , we get the 
differential d 2 on kh{D'). 

So we dehne the map /° by the following: 

f{v) = 0 

/°(a; 0 n 0 r) = e{ru) (^x<^Ti{u~^)'y2'l6{v) 0 1 + |/0Ti(a;“^)72(n) + ;20Ti(a;“^)76(n) j 

f^{y 0 c) = —a; 0 74(c) 0 1 — y 0 c 
f{z®b) = -z®b 
f^{xAy 0 n) = yAZ 0 v 
f^{xAZ 0 n) = —yAZ 0 V 
f^{y/\Z 0 m) = —XAZ 0 u 
f^{xAyAZ 0 a) = XAyAZ 0 a 

We can check that /° is a morphism of complexes of degree 0. Let W be the Z-module 
freely generated by A, d{X), y and d{y). By setting: 

(9°A = 0 (9°/i = -1 

W becomes an acyclic graded differential Z-module. We have maps T : hh 0 B —)■ 
kh{D) and T' : W 0 17 —)■ kh{D') dehned by: 


^(7 0 n) = V 

T(d(A) 0 m) 

= d2{v) 

'L(/a0n) = a;0n0l 

'h(d(/a) 0 v) 

= d2{x 0 M 0 1) 

^'(7 ®u)=u 

T'(d(A) 0 m) 

= 1^2 (m) 

'L'(/i 0 m) = a;0M0l 

T'(d(/a) 0 m) 

= d2{x 0 M 0 1) 
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It is easy to see that \E' ans H/' are injective morphisms of complexes of degree 0. 
Since W is acyclic, the images of d' and d'' are acyclic too. Moreover the image of 
'h is killed by /° and the image of 'h' is therefore killed by g^, where g is the inverse 
move of /. Modulo these images we have: 


kh{D) = y<^C(Bz<S)B(B i/az 0 1 / © xaz 0 © xai/az 0 A 


kh{D') = y^C®z^B(B yAZ 0 © xaz ®U® XAyAZ 0 A 

and maps /° and g^ are on these quotients: 


r : 


1 / 0 c H-)■ —y 0 c 
z ®b —z ®h 
< yAZ 0 M 1-4 —XAZ 0 u 
XAZ 0 W I—)■ —yAZ 0 V 
^ XAyAZ 0 a I—)■ XAyAZ 0 a 


y ® —y 0 c 
z ®h ^ —z ®h 
< yAZ 0 U I—)■ —XAZ 0 V 
XAZ 0 M I—)■ —yAZ 0 u 
XAyAZ 0 a I—)■ XAyAZ 0 a 


Therefore /° and g^ are homotopy equivalences and g^ is a homotopy inverse of /°. 
Suppose now the move is of type III_. The move is the following: 



And we have: 

kh{D) = AQ)x<^U ®y®V®z®V® yAZ ®V ® R® xaz 0 C © XAy ® B ® XAyAZ 0 V 

kh{D') = A®x®V®y®U®z®U® yAZ ®U ® R® xaz 0 C © XAy ® B ® XAyAZ 0 U 

As before the differentials of kh{D) and kh{D') are on the form d = di + d 2 , where di 
corresponds to the differentials of the complexes U, V, A, B, C . The map d 2 is dehned 
on kh{D) by the following: 

d 2 {a) = X® 72 (a) + 1/0 75 (a) + z® 75 (a) 

d2{x ®u) = —XAy 0 73(m) — XAZ 0 75(m) 
d2iy ®v)= XAy 0 76(v) - yAZ 0 75(1;) 
d2{z ®v) = XAZ 0 72(n) + yAZ 0 73(1;) 
d2{yAZ ® V ® r) = XAyAZ 0 Ti(r)t; 
d2{xAy ®b)= XAyAZ 0 71(6) 
d2{XAZ 0 c) = —XAyAZ 0 7i(c) 
d2{xAyAZ ® v) = 0 
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and, as before, we get the differential d 2 on kh{D') by exchanging U and V and 
replacing 7 * and Ti by 7^+3 and Tj_|_ 3 . So we dehne the map /° by the following: 


/°(a) = a 

f^{x u) = {y + z) u 
f^{y v) = X ® V 
f{z®v) = 0 

f^{y/\z ® n 0 r) = e{r){xAZ 0 72(n) + y^z 0 T4(a;“^)7472(n) 0 u) 
f^{xAy 06) = —XAy 06 + yAZ 0 T4(a;“^)74(6) 0 u 
f^{xAZ 0 c) = —XAZ 0 c — yAZ 0 T4(a;“^)74(c) 0 u 
/^{xAyAZ 0 n) = 0 

We can check that /° is a morphism of complexes of degree 0. We have maps \h : 
W 0 y ^ kh{D) and : W 0 f/ ^ kh{D'): 

'h(A 0 n )=;2 0n 'h((i(A) 0 n) = <^ 2 ( 2 : 0 n) 

'h(/r 0 n) = yAZ 0 n 0 a; 0 n) = d 2 {yAZ 0 n 0 ca) 

'1/'(A ® u) = z ® u 'l/'((i(A) ® u) = d 2 {z 0 m) 

'h'(/i 0 m) = |/a;2 0 m 0 o; 'l/'((i(/i) 0 m) = d 2 {yAZ u<^ u) 

These two maps are injective morphisms of complexes of degree —1 and their images 
are acyclic subcomplexes killed by /° and g^. Modulo these images we have: 

kh{D) = A©a;0l7©|/0l/© XAy 0 -B © 0 C 


kh{D') = A(Bx^V(By^U(B XAy 0 -B © xaz 0 C 
and maps /° and are: 


a 

X ® u ^ y ® u 
y ® V ^ X ® V 
XAy 0 6 t—)■ —XAy 0 b 
XAZ 0 C H-)■ —XAZ 0 C 


a ^ a 

X ® V y ® V 
y ® u ^ X ® u 
XAy 0 6 I—)■ —XA?/ 0 b 
XAZ 0 C H-)■ — XA^: 0 c 


Therefore and are homotopy equivalences and g^ is a homotopy inverse of /°.n 


3.2 Remark: For every elementary move /, the map is a morphism of degree 0 
except if / is a Reidemeister move of type li or IF (with e = ±). In these cases /° 
is a morphism of degree —e. 


3.3 Elementary moves for oriented link diagrams. Consider an oriented link 
diagram D. Denote by w the function sending each point x outside of D to the 
winding number of D about x. The sign (—will be called the D-sign of x. If x 
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is a crossing of D, the function w takes three values n — 1, n, n + 1 near x. The sign 
(—will also be called the D-sign of x. 

In order to describe the orientation of a curve we’ll use the following convention: 
suppose a is a sign. Then the hgure 


a 


means that the curve is oriented by the arrow if a = + and by the opposite orientation 
if a = —. 


Let / ; D —)■ D' be a Reidemeister move of type between oriented diagrams 
and g be its inverse move. Let a be the winding number of the created loop and 
h be the D'-sign of the created crossing. We say that / is a Reidemeister move of 
type I''“(e, a, h) and that g is a Reidemeister move of type I“(e, a, h). In this case the 
diagram D' is oriented as follows: 



Let / : D —)■ D' be a Reidemeister move of type II'*' between oriented diagrams 
and g be its inverse move. Let T be the created loop. This loop is oriented by the 
orientation of the plane. Let a (resp. h) be the sign which is equal to + if and 
only if the orientation of the top branch (resp. the bottom branch) agrees with the 
orientation of T. Let h be the commun D'-sign of the created crossings. We say that 
f is a Reidemeister move of type ll^{a,b, h) and that g is a Reidemeister move of 
type 11“ (a, b, h). In this case the diagram D' is oriented as follows: 



For technical reasons we’ll say also that / is a Reidemeister move of type IF(e', a, b, h) 
if / is a Reidemeister move of type IP(a,6, h) (resp. IF(6, a, h)) if e' = + (resp. 
e' = -). 

Let f : D ^ D' he a Reidemeister move of type IIR between oriented diagrams. 
Let 0 be the triangle in D modihed by /. This triangle is oriented by the orientation 
of the plane. Let a (resp. b, c) be the sign which is equal to + if and only if the 
orientation of the top branch (resp. the middle branch, the bottom branch) agrees 
with the orientation of the triangle. Let h be the D-sign of the center of 0. We say 
that / is a Reidemeister move of type III(e, a, b, c, h). The diagram D is oriented as 
follows: 



depending if e = + or e = —. 

It is easy to see that the inverse move of / is a Reidemeister move of type 
III(e, —a, —6, —c, —h). 
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Let f : D ^ D' he a. surgery move of index 0 between oriented diagrams and g 
be its inverse move. Let a be the winding number of the created circle and h be the 
D-sign of a point in this circle. We say that / is a surgery move of type (0, a, h) and 
that g is a surgery move of type ( 2 , a, h). 

Let f \ D ^ D' he a surgery move of index 1 between oriented diagrams. Let 7 
be a path inducing this surgery. Let a be the sign which is equal to + if and only if 
7 is on the left of D and h be the D-sign of the middle point in 7 . We say that / 
is a surgery move of type (1, a, h). It is easy to see that the inverse move of / is a 
surgery move of type ( 1 , —a, —h). 

3.4 The correspondance / 1 —)■ /^. 

Consider an elementary move f : D ^ D' where D and D' are oriented link 
diagrams. This move is called an elementary move of oriented diagrams if D and D' 
have the same orientation outside the modihcation area. 

Here we’ll associate to each elementary move f : D ^ D' of oriented diagrams a 
morphism from KH{D) to KH{D'). 

Denote by X_ and X'_ the set of negative crossings of D and D'. 

Suppose the move is a Reidemeister move of type or II"''. In this case X'_ is 
the union of X_ and one crossing x and the map is dehned by: 

V(n, v) e kh{D) x A’''(X_), f^{u 0 n) = (—0 xav 
where |n| is the degree of u. 

Suppose the move is a Reidemeister move of type II or 11“. In this case X_ is 
the union of X'_ and one crossing x and the map is dehned by: 

V(n, v) e kh{D) x f^{u 0 xav) = —(— 0 v 

In all other cases, X_ and X'_ are the same and the map is dehned by: 

V(m, v) e kh{D) X A’''(X_), f^{u 0 n) = /°(n) 0 v 

It is not difficult to see that each map is a morphism of complexes of degree 0. 
Moreover is / is a Reidemeister move with inverse move g, g^ is a homotopy inverse 
of/L 

Notice that each map /° and each map are invariant under any endomorphism 
of R. 

3.5 The correspondance / 1-7 /^. 

Consider elements A{e, a, h),X{a, h), Y (a, h), Z{a, h) in i?*, elements R(a, b, h) in 
{R® R)* and elements C(e, a, 6 , c) in {R® R® R)*, depending on signs e, a, b, c, h. 
Such a data JY = (A, B,C,X,Y, Z) will be called a Khovanov data. Using this data 
we’ll construct a correspondance associating to each elementary move f : D ^ D' a 
morphism : KH{D) —)■ KH{D'). 
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Let f : D ^ D' he a Reidemeister move of type I'^(e, a,/i) and g be its inverse 
move. Let p E D he a point in the modified branch of D. The morphisms f'^ and 
are dehned by: 

O %{A{e, a, h)) g^ = %{A{e, a, h)"') o g^ 

Let f ■. D ^ D' he a. Reidemeister move of type II"''(a, b, h) and g be its inverse 
move. Let p be a point in the top branch and g be a point in the bottom branch. 
The morphisms and g"^ are dehned by: 

/■*- = /■ o f (B(a, 6, h)) g^ = f(B(a, b,h)-^)oc/ 

where T is the map: n ® n e-)■ Tp{u)Tq{v). 

Let f ■. D ^ D' he a Reidemeister move of type III(e, a, b, c, h) and g be its 
inverse move. The move g is a Reidemeister move of type III(e, —a, —b, —c, —h). Let 
Bi (resp. B2, B^) be the top branch (resp. the middle branch, the bottom branch) 
near the modihed triangle in D. For i = 1,2,3, denote by p* a point in Bi and 
denote by T the map: n (8) n 0 tc 1 —)■ {u)Tp^{v)Tp^{w). Suppose that D{e, a, b, c, h) 
are elements in (i? 0 i? 0 R)* then we can set: / = /^ o T{D{e, a, b, c, h)). But the 
condition: /op ~Id is equivalent to the condition: 

D(e, a, b, c, h)D{e, —a, —b, —c, —h) = 1 

and that’s equivalent to the fact that D{e, a, b, c, h) is on the form D'{e, ah, bh, ch)^. 
So we dehne f'^ by: 

f of {C{e,ah,bh,ch)^) 

Let f : D ^ D' he a surgery move of type (0, a, h) and g be its inverse move. Let 
p be a point in the created circle. Then we dehne and g"^ by: 

/•^ = f,{X(a, h))of gX ^ gi „ h)) 

Let f ■. D ^ D' he a surgery move of type (l,a, h). Let p be a point in the 
boundary of the surgery path. Then is dehned by: 

= f of,(Y(a,h)) 

It is easy to see that, for every elementary move /, is a morphism of degree 
0 well dehned up to homotopy. Moreover, if g is the inverse move of a Reidemeister 
move /, g"^ is a homotopy inverse of 


4. Movie moves. 


In all this section = {A, B,C,X,Y, Z) is a given Khovanov data. For technical 
reasons we dehne the elements B^{a, b, h) by: 

B{a,b,h)=u®v B^{a,b,h)=uv B~^{a,b,h)=u<Zv B~ {b, a, h) = v u 
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Let ^ be the set of link diagrams or the set of oriented link diagrams and A be 
a correspondance associating to each D & S> a. iL-complex A{D). 

In we have elementary moves and every elementary move f : D D' has an 
inverse move: f:D'^D. 

Consider diagrams Dq, Di, ..., Dn in ^ and elementary moves /* : -Dj-i —)■ Di. 
Such a sequence ip = {Dq, Di, ... Dn) (or ip = (/i, /2,... /„)) will be called a movie 
sequence from Dq to Dn- If D = Dq and D' = Dn are the diagrams of two links L 
and D, the movie sequence (p induces a cobordism from L to D and this cobordism 
is oriented in the oriented case. By replacing every elementary moves by its inverse, 
we get a new movie sequence: ip = {fn, • • •, /i) from D' to D and the cobordism 
associated to p is isotopic to the opposite of the cobordism associated to ip. 

Suppose all the elementary moves of a movie sequence ip are Reidemeister moves. 
Then the movie sequence induces an isotopy from L to L'. Suppose also D is equal 
to D' and the isotopy from L to L' = L is isotopic to the identity. In this case the 
movie sequence (p will be called a movie move of type I. 

Consider ip = {Dq, Di, ... Dp) and ip = {D'^, D{,..., D'^) two movie sequences 
from Dq = Dq to Dp = D'^. The diagrams Dq and Dp are the diagrams of two links 
L and L' and the two movie sequences induce two cobordisms from L to L'. Suppose 
these two cobordisms are isotopic. Then the pair {ip, ip) will be called a movie move 
of type II. 

Consider a correspondance / i—)■ / associating to every elementary move / : D —)■ 
D' in a morphism / from A{D) to A{D') and suppose that this correspondance 
has the following property: for every Reidemeister move / with inverse move g, 'g is 
a homotopy inverse of /. 

Let ip = {fi, /2,..., fn) be a movie sequence from D to D'. Then we have a map 
ip = fn o ... o fI from A{D) to A{D'). 

Suppose this correspondance is coming from a functor from the category of cobor¬ 
disms of links to the homotopy category of iL-complexes. In this case, for each movie 
move (p of type I, the morphism (p is homotopic to the identity and for each movie 
move {ip. Ip) of type II, the two morphisms (p and ip are homotopic. 

Let ip he a movie move of type 1 . Then the morphism ^ is a homotopy inverse of 
(p and the condition is homotopic to the identity” implies the same condition for 
the morphism Tp. 

But if {p,ip) is a movie move of type II, we get two conditions: <p and ip are 

homotopic and Tp and ip are also homotopic. 

So a movie move of type I induces one condition on the correspondance and a 
movie move of type II induces two conditions. 

We’ll apply this construction in three cases: 

— is the set of link diagrams, A{D) is the Khovanov complex kh{D) and the 

correspondance is: / /°. 

— is the set of oriented link diagrams, A{D) is the Khovanov complex KH{D) 
and the correspondance is: f f^- 

— is the set of oriented link diagrams, A{D) is the Khovanov complex KH{D) 
and the correspondance is: / i—)■ 
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4.0 Notation: From now on we’ll use the following notation: for every element 
u E R and every sign e we set: 


u 


(e) 


u if e = + 
u if e = — 


4.1 Movie moves of type MVMq. Consider a link diagram D and two elementary 
moves / and g modifying D on disjoint areas. Let Di be the diagram D modified 
by / and D 2 be the diagram D modihed by g. The move / (resp. g) induces a well 
dehned move /' (resp. g') on D 2 (resp. Di) and we have a commutative diagram: 


D Di 



D 2 D' 


So we get two movie sequences: ip = (/, g') and tjj = {g, /') and a movie move ( 99 , ip) 
of type II. This movie move will be called a movie move of type MVMq. 

4.1.a Lemma: Let {p, ip) he a movie move of type MVMq associated to elementary 
moves f and g. Then we have: 


^0 ^ 


where p and q are the degrees of the map and g ^. 

In the oriented case we have: 

= iP^ p^ = ip^ p^ = Pp-^ 


Proof: It is easy to see that we have some commutativity in the graded sense and 
that implies the hrst formula and therefore the other ones. 

For example, consider the case where / and g are Reidemeister moves of type 
I+(—,a, h) and !+(—,&, A;). Let x (resp. y) be the crossing created by / (resp. g) 
and p (resp. q) be a regular point in D near x (resp. near y). Let X_ be the set of 
negative crossings of the diagram D. So, for every u G kh{D) and every v G A+(X_), 
we have: 

p^{u) = f^{y 0 M 0 1) = XAy 0 M 0 1 0 1 
ip^{u) = g^{x 0 M 0 1) = yAX 0 M 0 1 0 1 ip^ = —p^ 

p^{u 0 n) = f^{g'^{u) 0 yAv) = p^{u) 0 XAyAV 
ip^pu® v) = g^{f'^{u) ® XAv) = ip^pu) ® yAXAV ip^ = p^ 
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= (^1 O fp{A{-, a, h))fq{A{-, b, k)) 


o fq{A{-, b, k))fp{A{-, a, h)) = 


_ ^ 

The last formula Tp-^ = ip is just the formula = ip'^ applied for Reidemeister 
moves 'g and /. □ 


4.2 Movie moves of type MVMi. Consider a link diagram D and a regular point 
p in D. Let e be a sign. We may apply a Reidemeister move of type on D near 
p, then a new Reidemeister move of type Itg in the created loop. By applying a 
Reidemeister move of type 11“ we may remove the two created crossings and recover 
the diagram D. So we have a movie move of type I. This move will be called a movie 
move of type MVMi (e) near p. 



4.2.a Lemma: Let ip be a movie move of type MVMi(e) near a point p E D. Then 
we have: 



In the oriented case, suppose the first move is a Reidemeister move of type 
R(e, a, h). Then we have: 


ip^ = —eTj 


, u , 


= -eT„ 


u 


{ah) 


''(jjieah) ■ 


- A{e, a, h)A{—e, —a, h) 


Proof: A straightforward computation gives the following: 

e = + = —Id 

e = - ^ T^ = Tp{^) 

OJ 

So we get the first formula. The second formula: (p^ = —eTp{u /is easy to 
deduce. 

Since the hrst move is a Reidemeister move of type I^(e, a, h), the orientation of 
D is given by the following: 

p 


So the second move is a Reidemeister move of type e, —a, h) and the last one is 
a Reidemeister move of type 11“ (a, a, h). The result follows. □ 




4.3 Movie moves of type MVM 2 . Let D be a link diagram and a; be a crossing 
of D. We may modify D by a Reidemeister move of type 11+ which creates two new 
crossings y and 2 : and then remove x and y by a Reidemeister move of type 11“. 



So we get a movie move. We say that this move is a movie move of type MVM 2 (e) 
near (p, q) where e = + (resp. e = —) if the branch containing p is over (resp. under) 
the branch containing q. 


4.3.a Lemma: Let e be a sign and p be a movie move of type MVM 2 {e) near [p, q). 
Then we have: 

= eTp{u)T,{u-^) 

In the oriented case, suppose the first move is a Reidemeister move of type 
JJ+(e, a, b, h). Then we have: 


= —abTp{u)Tg{u 

= -abf 

where T is the map m < 8 ) n e-)■ Tp{u)Tq{y). 


1 B^{a,b,h) \ 

Be{-a,-b, h)) 


Proof: A straightforward computation gives the hrst formula. Let / and g be the 
Reidemeister moves in cp and X_ be the set of negative crossings of D. 

So it is easy to see that the orientation of the second diagram is given by: 



and the two moves are Reidemeister moves of type 11+(e, a, b, h) and 11“ (e, —a, —b, h). 
Moreover the signs of the crossings x, y, z are: —eab, eab, —eab. 

If eab = +, a; is in X_ and we have, for every u G kh{D) and every xav G A+(X_): 

(p^{u ® xav) = ( — 0 ZAXAV) = —( —0 XAZAV) 

= ( —— 0 ZAV = — 0 ZAV 

and that implies: 

(p^ = —abTp{u)Tq{u~^) 

If eab = —, a; is not in X_ and we have, for every u G kh{D) and every v G 

A+(A'_): 

(p^{u 0 n) = (—0 yAv) = —(—0 n = (p^{u) 0 v 
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and that implies again: 


= —abTp{u)Tq{u 

On the other hand, the D-sign of a point in the plane between p and q is abh. So 
we get: 

P = = -aif 0 

and the last formula follows easily. □ 

4.4 Movie moves of type MVM 3 . Let D be a link diagram and p and q be two 
regular points in D. Suppose that these two points may be joined by a path outside 
of D. Then we have a movie move described by the following hgure: 



This movie move depends on two sign e and e'. The sign e is the sign of the hrst 
Reidemeister move of type I and e' is + if and only if the loop goes over the branch 
containing q. We say that this move is a movie move of type MVM 3 (e, e') near [p, q). 


4.4.a Lemma: Let e and e! be two signs. Let p and q be two points in a link 
diagram D and p be a movie move of type MVM^^e, e') near [p, q). Then we have: 




0 


T,{ 


U 


) 


In the oriented case, let a, b, h be the signs such that the first move of (p is a 
Reidemeister move of type a, h) and a is equal to b if and only if the two branches 
are oriented in the same way Then we have: 


(p^ = eT 


u 


= eT,, 


u 


(ah) 


Ph.(e)^ 


ca'- 


= eT 


(jJ 


(ah) 




A{e,a,h) B^'{a,b,—abh) 


1 ) 


C 


''ojhah) ^A{e,a,—h) {—a,b,abh) 

where T is the map u Tp{u)Tq{y) and C is dehned by: 

e'=+, C{e,—ah,—ah,bh) = u ® V ® w C={uv)~^®w~^ 

e =—, C{e,bh,—ah,—ah) = u ® V ® w, C = {wv)~^®u~^ 


Proof: A straightforward computation gives the hrst formula. 
The diagram D is oriented as follows: 


j a 


b 
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Denote by (/i, /a, /s, h, /s) the sequence (f. Then the types of /i, /s, /s, h, A are: 

I^(e,a, h), II^(a, 6, —a6/i), III(e, a, a, —6, —h), I“(e, a, —h), II“(—a, 6, a6/i) 
if e' = + and: 

l~^{e,a,h), ll^{b,a, —abh), —b,a,a, —h), l~{e,a,—h), ll~{b,—a,abh) 


if e' = —. 

In the case: e = +, only /2 and /s modify the set of negative crossings. Then, 
during the move (p, only one negative crossing appears and then disappears. So we 
get: 



In the case: e = —, /i creates a negative crossing x, /2 creates a negative crossing y, 
/4 removes x and /s removes y. This operation produces a sign and we have: 



So we get the second formula. The other formulae are easy to check. □ 

4.5 Movie moves of type MVM4. Consider a link diagrams and two consecutive 
crossings x and y. Then we have a movie move described by the following figure: 



y 



X 

X 





p 

X 

XX 



XX 




q 






Up to replacing this movie move by its inverse we may as well suppose that the 
horizontal branch containing y goes over the other horizontal branch after the first 
Reidemeister move. So this move depends only on an element e G {0, +, —} where 
e = + (resp. e = 0, e = —) if the vertical branch is over (resp. between, under) the 
two other branches. We say that this move is a movie move of type MVM 4 (e) near 
(P,g)- 


4.5.a Lemma: Let p and q be two points in a link diagram D. Let p be a movie 
move of type MVM 4 (e) near {p,q). Then the morphism (p^ is homotopic to the 
operator: 

(1 - 2e^)Tp{u-^)Tg{u) 

In the oriented case, suppose that the first move in ip is a Reidemeister move 
of type lR{a,b,h) and that c = + (resp. c = —) if the vertical branch is oriented 
downward (resp. upward). Then we have: 

P~(l- 2e^)T,(u,yT,(uj) = (1 - 
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^ (1 - 2e=)f ((Jji ® c.'-*) 0 ® l)C-““) 

where T is the map u ^ v ^ w Tp{u)Tq{v)Tr{w) (for any r in the vertical branch) 
and C is defined by: 

e = —, C{+,hh,ah,ahch)C{—,—hh,—ah,ahch)=u®v®w C = u®v®w 

e = 0, C{—,hh,ahch,ah)C{+,—hh,ahch,—ah)=u®v®w C = u®w®v 

e =+, C{+,ahch,hh,ah)C{—,ahch,—hh,—ah)=u®v®w C = w®u®v 

Proof: The union of the branches is a graph with six points in its boundary. Take 
a counterclockwise numbering of these points begining with the point p. So we have: 
Vi = V) Vi = Q- The operator Tp. will be denoted by Ti. 

There are four complexes U, V, W and H such that: 

kh{D) = l(8)17©a;(8)P©|/0hT© XAy © H 

Using small paths near x or y, we get surgery maps yx and yy. These maps are 
morphisms of complexes. The morphism yx is a map from U to V, from V to U, from 
W to H and from H to W. The morphism yy is a map from U to W, from W to U, 
from V to H and from H to V. A straightforward computation shows the following: 

If 9 ? is a movie move of type MVM 4 (—), we have (for u E U, v E V, w E W, 
h E H): 

ip^{l © u) = —1 © M 

ip^{x 0v) = -X(g) Ti(lJ)T3(u:~^)(v) + £(cc^)y © Ti(u:~^)yxyy(v) 

(p°(y0w) =y0 (^-1 + Ti{u~^)T 3 (IJ) -Ti{u~^)T 3 {u)'^{w) -e{u‘^)x0Ti{u~‘^)yxyy{w) 

ipP{xAy 0 h) = —XAy 0 h 

If is a movie move of type MVM 4 ( 0 ), we have: 

© u) = 1 © T3{ijj)T^iyJ~^){u) 

yA{x 0v) = x0 Ti(a;)T 5 (tJ“^)(u) - £{l)y 0 yxyy{v) 

V^{y 0 w) = y 0w 

(p^{xAy 0 h) = XAy 0 T3{uj~^)T3{uj){h) 

If 9 ? is a movie move of type MVM 4 (+), we have: 

ipPil 0u) = -10 Ti(u)T 3 {ijJ~^){u) 

‘pA{x 0 v) = —X 0 Ti{u~^)T^{u){v) 

(p^{y 0w) = -y 0 Ti{u)T 3 {u~^){w) + e(u^)x 0 Ti{uj~‘^)yxyy{w) 
yA{xAy 0 h) = —XAy 0 h 
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Consider the maps kx and ky from kh{D) to kh{D) that vanish on 1 (g) © a; 0 

V ® y ®W and satisfy the following: 

k3;{xAy h) = X 'jy{h) ky{xAy ® h) = y ® 7 x(h) 

for every h E H. These maps induce the following homotopies: 


hx = d{kx) = d o kx + kx o d hy = d{hy) = d o ky + ky o d 


and we have: 

hx{l 0 m ) = 0 hy{l 0 m ) = 0 

hx{x 0v) = -x0 jy(v) hy{x 0v) = -y0 '^xly{v) 

hx{y 0w) = x0 '^xly{w) hy{y 0w) = y0 

hx{xAy 0 h) = —XAy 0 'fyih) hy{x/\y 0 h) = XAy 0 7^(/i) 

Moreover one checks that 7 ^ (resp. 7 ^) is on W and H (resp. on V and II) the 
map T 2 (Lj)T 4 (a) — T 2 {ua) (resp. the map Ti(a;)T 5 (Q;) — Ti{ua)). So we get: 

= e{l)T,{u)n{u-^)hx - e{u^)T4{u-^)hy - T2{u-^)T,{u) 

in the first case, 


= e{l)hy + T4{uj)T^{uj ) 


in the second case and: 


(^0 = e{u^)T4{u-‘^)hx - T,{u)T2{u-^) 
in the last case. If we denote by ~ the homotopy relation, we get: 

<^0 _ _T2(cn-i)T5(n;) ~ -T4(w-i)Ti(w) = -Ti(n;-')T4(cn) 
in the first case, 

~ ~ Ti(a;-i)T4(n;) 

in the second case and: 

<^0 _ _Ti(w)T 2 (a;-^) ~ -Ti(w)T4(w-i) = -Ti(a;-i)T4(a;) 

in the last case. So we get the hrst formula. 

The movie move creates one negative crossing and then remove it. Therefore we 
get the same formula for 

The second diagram D' is oriented as follows: 
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Denote by (/i,/2,/a, A) the sequence (p. Then the types of /i, /s, /a, A are: 
II^(a, &, h), III(+, —a, —6, —c, —a6h), III(—, a, 6, —c, —a&h), II“(a,6, h) 
if e = —, 


II"^(a, 6, h), III(—, —a, —c, —6, —a6/i), III(+, a, —c, 6, —a6/i), II~(a,6, h) 

if e = 0 and 

IT'"(a, 6, h), III(+, —c, —a, —6, —a6/i), III(—, —c, a, 6, —afeh), II“(a,6, h) 

if e = +. The result follows. □ 


4.6 Movie moves of type MVM5. Consider a link in that projects on the 
plane by an immersion and suppose that every crossing is simple except one and the 
image of the link looks like the following near the singular crossing: 

O4 I O2 





If we move the link a little bit, we get^-a diagram like: 

t>a 



For {iii} C { 1 , 2 , 3 , 4 }, denote by Xij the intersection of < 5 * and 5 j. One checks the 
following fact: if, during an small isotopy, 0:24 — Xis makes one counterclockwise turn 
around 0 , 0:14 — a;2a and 0:34 — 0:12 make one clockwise turn around 0 . Therefore any 
small isotopy such that Xij — Xki makes one turn around 0 is equivalent to an isotopy 
where ^3 and ^4 are fixed and ( 5 i and S2 are moving by translations. During this 
isotopy, we get diagrams where 2: = 0:12 and 2: makes one counterclockwise turn 
around x = X34. If is not in one of the initial ( 5 j’s, is a link diagram. So we get 
a movie move which is the composite of eight Reidemeister moves of type III. 



This move depends essentially on the heights ci, C2, C3, C4 of the lines 5 i, ^2, ^3, <54- We 
say that this move is a movie move of type MVM5(ci, C2, C3, C4). 

4 .6.a Lemma: Let p be a movie move of type MVM^. Then is homotopic to 
the identity. 
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In the oriented case, is also homotopic to the identity. 

Proof: Consider a movie move (p of type MVM5(ci, C2, C3, C4). The morphism acts 
on kh{D) for some link diagram D. The modification area of p involves six crossings 
and, to describe p^, we have to decompose kh{D) into a direct sum of 64 complexes. 
So an explicit description of p^ is almost impossible, at least by hand. But it is 
possible to compute p^ using a program on a computer and we check that p^ is an 
idempotent (i.e. p^ o p^ = p^) when the sequence (c*) is increasing or decreasing. 
This property is may be related to the following fact which is easy to check: all the 
Reidemeister moves of p are of type III+ if (cj) is increasing and of type III_ if (cj) 
is decreasing. 

Since p^ is a homotopy equivalence it has a homotopy inverse So when 
(ci, C2, C3, C4) is increasing or decreasing, we have: 

P^ r.-' ^jJ O p^ O p^ = ^jJ O p^ Id 

and p^ is homotopic to the identity. 

In the other cases, we have to proceed differently. Let S be the set of sequences 
(ci, C2, C3, C4) of distinct reals such that the lemma is true for every movie move of 
type MVM5 (ci, C2, C3, C4). So we have: 


Cl > C2 > C3 > C4 (ci, C2, C3, C4) e S 

On the other hand, it is easy to see that a movie move of type MVM5(ci, C2, C3, C4) is 
conjugate to a movie move of type MVM5(c2, C3, C4, ci). So we have: 


(ci, C2, C3, C4) G S (c2, C3, C4, Cl) G S 

Let Cl, C2, C3, C4 be distinct reals and phea movie move of type MVM5(ci, C2, C3, C4) 
acting on a diagram D. It is possible to modify D by a Reidemeister move of type II 
in such a way to get the following configuration in D\ 



In this figure < 5 * have constant height Ci and, during the isotopy, ^3 and ^4 are fixed 
and ( 5 i and 82 are moving by translation. So the isotopy of the figure is determined 
by the isotopy of 2:. 

If makes one counterclockwise turn around x, we get a movie move of type 
MVM5(ci, C2, C3, C4). If 2; makes one counterclockwise turn around y, we get a movie 
move of type MVM5(ci, C2, C4, C3). 
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Let A be the loop containing x and y. Suppose that (01,02,04,03) is in S. Then 
the move 99 of type MVM5(oi, 02, 03, 04) is equivalent to the move 99' obtained by 
moving around A. So we have: 

^'^ = DoCoBoA 

where A is obtained by moving ( 5 i through A, B hj moving S2 through A, C* by 
moving back ( 5 i trough A and D by moving back 62 through A. Denote by / the 
Reidemeister move of type II which creates crossings x and y and by g its inverse 
move. So the morphism 99° is homotopic to: 

f o o D o f o o C o f o o B o f o o Ao f o 

But each morphism g^ o X o (with X = A,B, C, D) is obtained by a type III 
Reidemeister move and a movie move of type MVM4: Let 'ijj (resp. 'ip') be the 
Reidemeister move obtained by pushing up 2: through S4 (resp. pushing down 
through S3). If a,b,c are distinct reals, we set fi{a,b,c) = 1 is a is between b and c 
and /i(a, b, c) = —1 otherwise. So we have: 

o A o ~ /i(ci, C3, C4)T(cj~^ (g) cU)'ip 

g^ o Bo f /i(c2, C3, C4)iP~^T{lJ~^ (g) u) 
g^ oC o f ^ p(ci, C3, C4 )T(cJ (g) 

51° o D o ~ /i(c2, C3, C4)^/J'~'^T{u (g) 

where T is the map m 0 n 1—)■ Tp{u)Tq{v). Therefore is homotopic to the identity 
and (ci, C2, C3, C4) belongs to S. So we have: 


(ci, C2, C3, C4) G S' (ci, C2, C4, C3) G S' 

and S' contains all sequences (cj). So the first part of the lemma is proven and the 
second one follows easily. □ 

Remark: The general formula for is too complicated to be written down if p 
is a movie move of type MVM5. 

4.8 Movie moves of type MVMe- Let D be a link diagram. We can modify D 
by adding a small circle near a branch of D and then connect the circle to D near a 
point p in the branch. So we get a movie sequence p = (/, g) where / is a surgery 
move of index 0 and g a surgery move of index 1 . The second sequence is ip =Id. 
The move {p, ip) is called a movie move of type MVMg near p. 


p : 



Ip : 


p 
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An easy computation gives the following: 


4 . 8 . a Lemma: Let (</?,'?/’) be a movie move of type MVMg. Then we have: 

= (^)° 

In the oriented case, suppose that the first move in ip is a surgery move of type 
( 0 , a, h). then we have: 

if^ = = {'ipf 

ip-^ = %{X{a, h)Y{-a, h))ij^ (ip)^ = {W%{Z{a, h)Y{a, -h)) 

4.9 Movie moves of type MVM 7 . Let D be a link diagram and e be a sign. We 
have a movie move [ip, ip) described as follows: 



We add a small circle to Zi) by a surgery of index 0 . Then we apply a Reidemeister 
move of type Ip which creates a loop in the right part of the circle and we remove 
the other loop in the circle by a Reidemeister move of type I“. So we get the movie 
sequence ip. The movie sequence is a surgery move of index 0 . The move {ip, ip) is 
called a movie move of type MVM7(e). 

An easy computation gives the following: 

4.9.a Lemma: Let e be a sign and {ip, ip) be a movie move of type MVMY{e). Let 
p be a point in the created circle. Then we have: 



In the oriented case, suppose that the first move in p> is a surgery move of type 
( 0 , a, h). Then we have: 

I?*) =e(V>)T,(^) 

iVf = {V)%{dLipTLz(a, ft)) (W = (P)%[z(-a, ft)) 

4.10 Movie moves of type MVMg. Let H be a link diagram and e be a sign. We 
have a movie move {ip, ip) described as follows: 
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The move tp is obtained by creating a small circle of the left hand side of a branch 
of D with a surgery move of index 0 and then moving this circle through the branch 
with two Reidemeister moves of type II. The move is a surgery move of index 0 
creating the circle on the right hand side of the branch. This move depends on a sign 
e where e = + if and only if the circle goes over the branch. Let p be a point in the 
branch. We say that is a movie move of type MVM8(e) near p. 

4 . 10 .a Lemma: Let D be a link diagram and e be a sign. Let be a movie 

move of type MVM^{e) near a point q E D. Let p be a point in the created circle. 
Then we have: 

/ = {tT = -iw 

u 

In the oriented case, suppose that the hrst move of p is a surgery move of type 
( 0 , a, h). Let b be the sign such that b = + if and only if the vertical branch is oriented 
downward. Then we have: 





^ f(x{a,-h) 0 l^ip^ 


(Pp)^ = f(^z{a,-h)(^iyw 


where T is the map m (8 ) v i—)■ Tp{u)Tq{v). 


Proof: A straightforward computation gives the desired expressions of and 
and therefore the expressions of and (^)^. 

The orientation of the diagram modihed by the hrst move is described as follows: 

a 

O 

lb 

The types of the moves in p are: 

(0,a, h), ll^{e,a,b,—abh), ll~{e,a,—b,—abh) 
and the types of the moves in p are: 

ll^{e,a,—b,—abh), ll~{e,a,b,—abh), { 2 ,a,h) 

The result follows. □ 


4.11 Movie moves of type MVMg. Let H be a link diagram and e be a sign. We 
have a movie move {(p, ip) described as follows: 
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Both moves and ip are obtained by a Reidemeister move of type followed by a 
snrgery move of index 1 . We say that {‘f,'ip) is a movie move of type MVMg(e) near 

4 . 11 .a Lemma: Let D be a link diagram and e be a sign. Let {p,ip) be a movie 
move of type MVMg(e) near [p, q). Then we have: 

(^) ~ -e^° Tp (^)° ~ e(^)° 

In the oriented case, suppose the hrst move of (p is a Reidemeister move of type 
a, h). Then we have: 



^ / ljAA n 

'^p{^ieah))(f^y - 

~ Tp (^A{e, a, h)Y{—a, h) j 

%p-^ ~ Tp (^A{e, —a, h)Y (a, h)^ip^ 




Proof: Set: e = (1 + e)/ 2 . It is easy to check the following: 

ip^Tp{uj^) = -eip'^Tq{u^) 

Tp{u^-%pf = eTq{u^-%Pp)^ 

So we get: 

-e^° = ip%{u;^)Tq{u;-^) = Tq{uj-^)p%{uj^) ~ Tp{uj-^)p%{uj^) 

= p%iuJ-^u^) = p%i—) 

to 

e{W = Tq{u:^-^)Tp{u:^-%pf = ~ 

= Tp{JT^-W-^){pf = Tp{^){pf 
and we get the first formnlae and therefore the following: 

Since the first move of is a Reidemeister move of type I’'"(e, a, h), the orientation 
of D is as follows: 
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and the types of the moves in tp (resp. ip) are I+(e,a, h) and (1, —a, h) (resp. 
I+(e, —a, h) and (l,a, h)). For Tp (resp. ip), the types are (l,a, — h) and I“(e,a, h) 
(resp. ( 1 , —a, —h) and I“(e, —a, h)). The result follows. □ 

4.12 Movie moves of type MVMiq. Consider a movie move {p>-,ip) acting on a 
link diagram D as follows: 



Both moves (p and ip are obtained by a Reidemeister move of type II"^ followed by 
a surgery move of index 1 . Let e be the sign such that e = + (resp. e = —) if the 
middle branch is under (resp. over) the other ones in the modihed diagram. We say 
that {p,ip) is a movie move of type MVMio(e) near (p, g). 


4.12.a Lemma: Let {p,ip) be a movie move of type MVMio(e) near {p,q). Then 
we have: 

(jj 

In the oriented case, suppose that the first move of p is a Reidemeister move of 
type n^(e, a, b, h). Then we have: 




1 


(tY = -O’? 




p"" ~ p^T{B^{a, b, h){Y (—a, abh)®T)) ip"^ ~ ip^T{B^{a, —b, h){Y (—a, —abh)®T)) 


(t) 


X 


^^' Y(a,-abh) 


w 


X 


T 


Y(a, abh) ® 1 


B^{a,b,h) \B^{a,-b,h) 

where r is a point in the middle branch and T the map u0 v >—)■ Tp{u)Ty.{v). 




Proof: It is easy to check the following: 

ip^ = p%{u)T,{u-Y iW = -iW 

and that implies: 

= Tp{uj)T,{uj-Yp^ ~ Tp{uj)Tp{u-Yp^ = p%{uju-Y 
By assumption the diagram D is oriented as follows: 


b 


a 


Therefore the types of the moves in p (resp. ip) are: 
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\\^{e,a,h,h) and {l,b,abh) (resp. ll^{e,a,—b,abh) and {1, —a, —abh)). 

For the move ip (resp. ip), the types are: 

(1, —b, —abh) and 11“(e, a, b, h) (resp. (1, a, abh) and II“(e, a, —b, abh)). 

The results follows. □ 

4.13 Remark: The conditions induced by all these movie moves are essentially the 
same as the conditions induced by all the movie moves of Carter and Saito [CS]. 

Denote by C{i) the condition induced on the correspondance / i—)■ by all the 

movie moves of type MVMj and by C'{j) the condition induced on it by all the movie 
moves of type MM^ (by using the Bar Natan classihcation of these moves [BN2]). 

The conditions C' for j = 1, 2, 3,4, 5 are automatically satished here because, for 
every Reidemeister move / with inverse move g, is a homotopy inverse of 

The movie moves of type MVMi, MVM2, MVM4, MVM5, MVMg, MVMg, MVMio 
are essentially the movie moves of type MM7, MMg, MMe, MMio, MMn, MM13 and 
MM15. The movie moves of type MVM7 and MVMg are more or less equivalent to 
the movie moves of type MM 12 and MM 14 , that is the conditions C{7) and (^( 8 ) are 
exactly the conditions C"(12) and C"(14). Finally the condition (^(S) is equivalent, 
modulo the conditions C(0) and C(4), to the condition C"( 8 ). 


5. Functoriality. 


5.1 The category of cobordisms of oriented links. 

Denote by tt the projection map {x, y, z) 1—)■ {x, y) from onto R^ and by S’ the 
space of oriented links in R^. We say that a link L G is generic if tt sends L by an 
immersion onto a link diagram. 

The space S is a Frechet manifold and the space Z (Z S of non generic links is a 
closed stratihed subspace of S. 

Let Lq and Li be two oriented links. A cobordism C from Lq to Li is an oriented 
compact surface C contained in R^ x [0,1] and meeting transversally R^ x {0,1} in 
dC = Li X {1} U (—To) X {0}. Two cobordisms C and C' from Lq to Li are called 
isotopic if there exist an isotopy /j ; R^ x [0,1] —)■ R^ x [0,1], with 0 < t < 1, such 
that: 

/o = Id fi{C)=C' 

'it e [0,1], ft is the identity on R^ x (0,1} 

Let Lq and Li be two generic oriented links and Dq and Di be the corresponding 
link diagrams. Let / : Dq —)■ Di be an elementary move. This move induces a 
cobordism C from Lq to Li which is well dehned up to isotopy. Such cobordisms are 
called elementary cobordisms. 

Let Lq and Ti be two generic oriented links and C* be a cobordism from Lq to 
Li. We say that C is generic if there is hnitely many elements ti G (0, 1) such 
that: C n R^ X {t} is generic for all t G [0,1] except the tfs and the cobordism 
C n R^ X [ti — e, ti + e] is elementary for each i and e small enough. 
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By transversality we see that every link L G is isotopic to a generic link by a 
small isotopy. Moreover every cobordism between two generic links in S is isotopic 
to a generic cobordism by a small isotopy. 

Denote by the category of cobordisms of oriented links in R^. The objects 
of is the links in S and the morphisms are the isotopy classes of cobordisms. 
Every morphism in from a generic link Lq to a generic link is a composite of 
elementary morphisms and can be described by a movie sequence. 

5.2 Definition: Let ^ be a Khovanov data. This data is said to be functorializable 
if there exists a monoidal functor T from the category of cobordisms of oriented links 

to the homotopy category of iL-complexes satisfying the following: 

— if D is the diagram of a generic oriented link L, we have: d'(T) = KH{D) 

— if C* is an elementary cobordism from Lq to Li associated to an elementary 
move / : Do —)■ Di, T(C') is homotopic to the morphism 

If these conditions are satished the functor T will be called a Khovanov functor 
associated to 

5.3 Lemma: Let be a Khovanov data. Suppose JK is functorializable. Then 
all the Khovanov functors associated to JK are isomorphic. 

Proof: Let be the full subcategory of generated by generic links. It is clear 
that the inclusion Jfo C is a equivalence of categories. The result follows. □ 

5.4 Lemma: Let JK be a Khovanov data. Then JLT is functorializable if and only if 
all conditions C{i), for i = 0,..., 10 are satisfied for the correspondance f i—)■ f’^. 

Proof: For every movie move the condition ~ will be denoted by 

Ip). It is clear that, if the correspondance / i-G comes from a functor, every 
movie move induces a trivial condition. So all conditions C{i) are satisfied. 

Conversely, suppose all conditions C(i), for i = 0,..., 10 are satished. The only 
thing to do is to dehne the functor T on the category of cobordisms of generic oriented 
links =Sfo. This functor is well dehned on the objects. 

Let Lq and Li be two generic oriented links and Cq be a cobordism from Lq to 
Li. This cobordism represents a morphism / from Lq to Li. We have to dehne 'L(/). 
Since Cq is isotopic to a generic cobordism, \I'(/) is homotopic to a morphism (f^, 
where (p is some movie sequence. So we don’t have any choice for 4'(/). The only 
thing to do is to prove that depends only on the isotopy class of Cq. 

Let M = S’ICq) be the space of cobordisms isotopic to Cq and Zq = Z{Cq) be the 
space of cobordisms in M which are not generic. The space M is a connected Frechet 
manifold and Zq is a closed stratihed subspace of M of codimension 1. Every C E M 
which is not in Zq is determined by a movie sequence ip = C, and tt'(C') = is well 
dehned. The last thing to do is to prove the following: if C and C are in M \ Zq, 
'L(C') and \k(C") are homotopic. 

Let C* be a cobordism in M. For every t G [0,1] denote by Ct the intersection 
C n X {t}. We say that t is C-regular if C is transverse to R^ x {t} and Ct is a 
generic link in R^ x {f} ~ R^. We say that t is C-singular if t is not C-regular. 
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If C* G M is generic, there is only finitely many C-singular elements in [ 0 , 1 ], and 
every C-singular parameter t correspond to a Reidemeister move if C is transverse 
to X {t} and a surgery move if it is not the case. 

Since M is connected, there is a path 7 in M joining C and C. Up to modify 7 
we may as well suppose that 7 is transverse to and we have to prove that '^(7(5)) 
doesn’t change when 7(5) goes through Zq. Let Sq be a parameter such that 7(<So) 
is in Zq. Since 7 is transverse to Zq, 7(<So) is in a stratum S' C Zq of codimension 
1 . For e small enough, 7(59 — e) and 7(59 + e) correspond to movie sequences ip and 
Ip and we get a movie move {(p,ip). So every codimension 1 stratum of Zq induces 
a movie move {ip, ip). The only condition to check is the conditions Jpf{ip,ip) for all 
these movie moves. 

Let S be a codimension 1 stratum in Zq. An element in S is a cobordism C which 
is not generic but for only one reason. So there is a unique to G ( 0 , 1 ) such that 
(^(R^ X [^9 — e, ^9 + e]) is not generic. Let {ip, ip) be the movie move associated to 
C. The cobordism C fl (R^ x [t9 — e, t9 + e]) induces a movie move {ipQ, ipo) and there 
are two movies sequences a and {3 such that: ip = a o ip^ o /3 and ip = a o ipQ o / 3 . So 
the condition Jt{ipo,ipo) implies the condition J>Z{ip,ip) and it is enough to consider 
the case where Iq is the only U-singular element in [0,1] and Ct is generic for every 
t ^ to. 

Suppose C is transverse to R^ x {^9}. Then the problem reduces to an isotopy 
problem and then to an isotopy corresponding to a loop around a codimension 2 
stratum oi Z <Z S . These loops correspond to all movie moves of type MVMj for 
0 < i < 5 involving only Reidemeister moves. 

Suppose C is not transverse to R^ x {^9}. Then the function C C R^ x [0,1] -)■ 
[0,1] has critical points Ui is R^ x {^9}. If one of these points is degenerated, the 
problem reduces to a movie move of type MVMg. If there is at least 2 critical points, 
the problem reduces to a movie move of type MVM9 involving two surgery moves. In 
the other cases, we have only one critical point u and this point is non degenerated 
with index d. But we have an extra condition because C belongs to Zq. There is 
two possibilities for this condition: m is a critical point for tt : C ^ R^ or 7 r{u) is 
a multiple point in 7r(C'i(,). In the first case, we get a movie move of type MVM7 if 
d = 0 or d = 2 and a movie move of type MVM9 if d = 1 . In the second case, we get 
a movie move of type MVM9 involving one Reidemeister move and one surgery move 
or a movie move of type MVMg if d = 0 or d = 2 and a movie move of type MVM19 
if d = 1. 

Thus, if all conditions C{i) are satished, the functor T is well dehned. □ 


For simplicity we’ll identify the sign + with 1 and the sign — with —1 and we 
dehne a map <?|? > from {±}^ to {±}, a map fi from {±} to R* and a map 6 from 
{±}2 to R* by: 

< >= (- 1 ^ 


^(e) = 


00 if e = + 

1 if e = — 


6{a, b) 


0000 if a = 6 = + 
1 otherwise 
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The map <?|? > is symmetric and satisfy the following property: 


Va, b,c E {±}, < a\bc >=< a\b >< a\c > 
If H{h) is an element of R* depending on a sign h, we set: 

H{+) 


H = 


Hi- 


5.5 Theorem: Let = (A, B,C, X,Y, Z) be a Khovanov data. Then JY is func- 
torializable if and only if there exist elements cr(h) in K*, E^ih), Fie) in R*, hh(/i) 
in iRZ) R)* depending on signs e and h such that the following holds, for every signs 
e, h, a, b, c: 


( t (+)( t (—) = uu 

E+ih)E_ih) = uFi+)Fi-)Uih)Vih) 

, ,, ,, faih)\d-eh)/2E^ih) 

Aie, a, h) =< e|a >< e\h >< a\h > ( — ^ j 

V UJ ' ^ / -t ((X ) 

Bia,b, h) = ^ ^ <8) I^(h)/i(ah) 


6iah, bh) 

X(a,h)=<a|-h> (^) Fi-a) 

V 0;'-“-' / 

Yia,h) = Xi-a,h)-^ Z(a, h) = X(-a,-h) 

Cie, a, b, c) = -ac(l O O i)uAb+c)/ 2 Yia+b)c /2 

with: Wih) = Uih) 0 Vih), H = diUVf, U = U ®l,V = 1®V-^ 




Remark: Suppose XL is functorializable. Denote by T the associated functor. The 
system (a, E, F, W) will be called a parametrization of the Khovanov functor T. It 
is easy to see that such a parametrization is unique. 

5.6 Remark: In the classical case, u is equal to 1 and the Khovanov data given by: 

Aie, a, h) =< e|a >< e\h >< a\h > i?(a, b, h) =< a\b > Cie, a, b, c) = —ac 

X(a, h) =< a\ — h > K(a, h) =< —a\ — h > Zia,h) =< —a\h > 
is functorializable. 

Proof: Because of lemma 4.3.a, the condition C'(2) is equivalent to: 




-b,h) 


= -abujC^^^ 0 


R®(a, b, h) ^ 

for every signs e, a, b, h. It is easy to see that these conditions are equivalent to: 

Bi-a,-b,h) ^ _±_ 

Bia,b,h) 
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for every a, b, h. Define the elements B\a, b, h) in [R 0 R)* by: 


B{a, b, h) = 0 fi{ah))B'{a, b, h) 

d[an, bn) 

With these new elements, the condition C{2) is equivalent to: 

B'{—a, —b, h) = B\a, b, h) 

and C(2) is equivalent to the fact that B\a, b, h) depends only on ab and h: 

B'{a, b, h) = B"{ab, h) 


Because of lemma 4.10.a, the condition ^(S) is equivalent to: 


B^{a,b, —abh) /X{a, —h) 

B^{a, -b, -abh) ^ \ X{a,h) ® 

B^{a,b,—abh) / Z{a, h) \ 

B^{a,—b,—abh) \Z{a,—h))’^ 

These conditions imply the following: 


B{a, b, h) 
B{a, —b, h) 


e i?* 0 1 


B{a, b, h) 
B{—a, b, h) 


e 1 0 i?* 


and that’s equivalent to the fact that 


B"(e, h) 
B"{-e, h) 


lies in i?* 0 1 and in 1 0 i?* and therefore in K*{1 0 1). 
Set: 


W{h) = B"{-, h) a{h) = B"{+, h)W{h)-^ 


The elements (T{h) are in K* and we have: 


h) = f 0/i(ah))W(h) 

o{ah, bh) 


With this expression, we have: 

B^{a, 6, —abh) 
B^{a, —b, —abh) 


aa{-abh)^\J’’^Y''’' 0 1 


and the condition C(8) is equivalent to: 


aa{-abh)^\u^’’^y"’' 


X(a, -h) 
X{a,h) 


Z{a, h) 
Z{a, —h) 
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So the left hand side term is independant of b and we get: (t(+)(t(—) = uu. Using 
that, the condition C(8) is equivalent to: 

X{a,h) a{h) Z{a,h) 

X{a,—h) a;(“U Z{a,—h) 

Set: F{a) = X{—a, —). Then we have: 


/ (j(h) \ (i+^)/2 

X(a,h)=<a|-h> (^) F{-a) 

\ / 

The condition C(6) is equivalent to: 

X{a, h)Y{-a, h) = 1 Z(a, h)Y{a, -h) = 1 


and B,X,Y, Z can be describe in term of a, W, F. Using these descriptions one can 
check that all conditions C(f), for i = 0, 2, 6, 8,10, are satished. 

Dehne the elements A'{e, a, h) by: 


A(e, a, h) =< e|a >< ea\h > 


a{h) \ (i-eU/2 A\e, a, h) 
F{a) 


Using these new elements, the condition C(7) becomes: A'(e, a, h) = A'(e, —a, h) and 
A\e, a, h) depends only on (e, h). So by setting: A\e, a, h) = Ee{h), we have: 


A{e, a, h) =< e|a >< ea\h > 


a(/i)\(i-eU/2Ee(h) 

F{a) 


Using that, all conditions C(f), for i = 0,2,6,7,8,9,10, are now satished. The 
condition C'(l) becomes the relation: 


E+{h)E.{h) = uF{+)F{-)U{h)V{h) 


with: U{h) ®V{h) = W{h) and the last thing to do is to compute the elements 
C(e, a, b, c) and verify the conditions C(i), for i = 3,4, 5. 

Because of lemma 4.4.a, the condition (^(S) is equivalent to: 

C(e, —ah, —ah, bh) = u Zi v ® w uv ^ w = 0 1{U 0 

C{e, bh, —ah, —ah) = m 0 n 0 tc wv 0 m = 0 1(U 0 U)~^^ 

In the case: b = —a, we get (with: U(e, —ah, —ah, —ah) = m 0 n 0 tc): 

uv®w = —a{Ee 0 l)(f/ 0 V) 

wv 0 M = —a{Ee 0 1)(U 0 U) 

and that implies: 

U(e, —ah, —ah, —ah) = —U 0 aEe 0 V 
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and then: 


C(e, a, a, a) = —U ® aE^ ® V 

Consider the condition C{‘i) given by lemma 4.5.a. This condition depends on 
signs a,b,c,h and on an element e in {+,—,0}. We consider this condition in the 
case: a = b = 1. 

If e = —, this condition is the following: 

C(+, h, h, ch)C{—, —h, —h, ch) = —a{U 0 C 0 1) 


or: 

C(c, ch, ch, ch)C{—c, —ch, —ch, ch) = —a{U 0 C 0 1) 


C(—c, —ch, —ch, ch) = 1 




So we get: 


C(e, a, a, —a) = 1 


Ec 
C 1 


E., V 


If e = 0 the condition is: 


1 

C 


C(+, h, ch, h)C{—, —h, ch, —h) = a{U 0 1 0 C) 


or: 


and we have: 


C{c, ch, ch, ch)C{—c, —ch, ch, —ch) = a{U 0 1 0 C) 

C{—c, —ch, ch, —ch) = —1 0 — 0 1 

Eq 

C{e, a, —a, a) = —1 0 — 0 1 

E-e 


If e = + the condition is: 


or: 


and we have: 


C{+, ch, h, h)C{—, ch, —h, —h) = —a{l 0 0 C) 


C{c, ch, ch, ch)C{—c, ch, —ch, —ch) = —a{l 0 0 C) 

C{—c, ch, —ch, —ch) = — 0 — 0 1 

U Ep 


C{e, —a, a, a) = — 0 0 1 

U E^ 


So we get the general formula: 

C{e, a, b, c) = -ac(l 0 0 l)U'^ib+c)/2y(a+b)c/2 


with: H = aiUVy, U = U ®l,V = 1®V-^ ®V 
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Using this expression, it is easy to check the conditions C( 3 ) and C( 4 ) and the 
last condition to check is C*( 5 ). 

Consider a movie move of type MVM5(ci, C2, C3, C4), where the Cj’s are distinct 

reals. This move involves four lines 61,62,63, ^4 and each q is the height of 6i. Since 

we are consider oriented links, each line has to be oriented. Let a, b, c, d be four signs 

and suppose the singular link diagram is oriented as follows: 

*^3 A 
, 62 

b. 



This hgure induces a movie move of type MVM5(ci, C2, C3, C4) and then an element 
M(a, b, c, d, h) G {R^)* depending on the signs a, b, c, d and the D-sign of the center 
of the triangle corresponding to the hrst Reidemeister move. So we have to prove 
that M(a, b, c, d, h) is allways equal to 1. 

First of all, consider the case where the sequence (01,02,03,04) is decreasing. 

For each k in { 1 , 2 , 3 , 4 } denote by Fk : —)■ the tensorization by 1 at the 

k-th position. For example, F2 is the map: 


We have the following: 

M(a, b, c, d, h) = F^{C{—, ah, —bh, ch)^)F3{C{—, —ah, bh, —dh)~^) x 

F2{C{-, ah, -ch, dhf)Fi{C{-, -bh, ch, -dh)-^) X 
Fi{C{-, -ah, bh, -chf)F3{C{-, ah, -bh, dh)-^) x 
F2{C{-, -ah, ch, -dhf)Fi{C{-, bh, -ch, dh)-'^) 

But C{e,ah,bh,ch) doesn’t depend on h. So we have: 

M{a,b, c,d, hf = 

with: 

^ Fa{C{-, a, -b, c))F 2(C(-, a, -c, d)) 
F3{C{-,a,-b,d))F,{C{-,b, -c,d)) 

A straightforward computation gives the following: 

M = {l® 0 ^-{a-b){c-d)H 0 1 j 0 lJ-(a-b)(c-d)/2 ^ ^{a-b){c-d)/2 0 ^j x 

(^1 0 0 Y{a-b)ic-d)/2 0 1 j = 1 0 X 0 0 1 

with: 
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Therefore M is equal to 1 and the condition (^(S) is allways satished when the se¬ 
quence (cj) is decreasing. For a general sequence, we use the fact that the condition 
( 7 ( 4 ) is allways satished and we check the condition with exactly the same proof as 
the proof of lemma 4 .6.a. So all the conditions C{i) are satished and the theorem is 
proven. Therefore theorem A is also proven. □ 


Let {a, E, F, W) be a parametrization of a Khovanov functor T. 
following element in R*: 


^-F(+)0-) 

ct (-) 


Consider the 


This element is called the weight of T. By construction, every invertible element in R 
is the weight of a Khovanov functor. For example the weight of the functor described 
in remark 5.6 is — 1 . 


5.7 Proposition: Let 4 / be a Khovanov functor and n be its weight. For every 
integer p > 0 , denote by Sp an unknotted oriented surface of genus p in R^. Then 
we have: 


^(Ep) = 




e( + f- 6 Kllx 

\1 — xo/TT/ 1 — xe{7r)u + 


with: u = —a;a;(Q; — aY/{ titi) = 55 /iyni). 


5.8 Remark: For tt = 1 , this formula is exactly the same as the formula in the 
lemma 1.6. Actually, the right hand side part of this formula is the image of the 
corresponding part in lemma 1.6 by the morphism sending e(l) to e(7r) and 5 to 5 /'x. 

Proof: Let (A, R, ( 7 , X, K, Z) be a Khovanov data such that 4/ is the corresponding 
functor. Let p > 0 be an integer. An unknotted surface of genus p in R^ x [ 0 , 1 ] can 
be describe by the following movie sequence: 

where {9,9') is repeated p times. In this sequence, /, p, g' and /' are surgery moves 
of type ( 0 , -, +), ( 1 , -, -), ( 1 , -F, +) and (2, -, +). So we get: 

4 /(Sp) = £ (X(-, +)Z{-, +) (k(-, -)K(+, +)u{a - a))") 

But it is easy to check the following: 

A'(-, +)Z(-, +) = A'(-, +)A(+, -) = ir 

y(-,-)y(+,+) = (a(+,-)a(-,+))"" = 1 

So we have: 

T(Sp) = eiS^TT^-n 
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= e 


n 


e{7i — x6n/n) 


e{7i — x67i/n) 


~l-x6/nJ {1 - x5/n){l - x6/W) I - xe{7r)aa + x'^aa 
with: a = S/tt. So we get the desired formula. □ 


5.9 Theorem: Two Khovanov functors with the same weight are isomorphic. 


Proof: Consider two Khovanov functors and 'h' with the same weight tt. They 
are described by two Khovanov data (A, B, C, X,Y, Z) and (A', B', C', X',Y', Z'). 
Since these two Khovanov data are functorializable there exist elements o'(h) in K*, 
Ee(h), F(e) in R* and W{h) in (i?0 R)* such that: 

f^(+)t^(-) = 1 


E+{h)E_{h) = E{+)E{-)U{h)V{h) 

A'(e, a, h) = A(e, a, 

E(a) 

B'(a, b, h) = B{a, b, 

X'(a, h) = X(a, h)a{hf^^'^^/^E{-a) 

C'(e, a, b, C) = C(e, a, b, c)(l 0 ^ l^ljaib+c)/2y(a+b)c/2 


with: W{h) = U{h) 0 V{h), H = a{UVf, K = f/ 0 0 1 , K = 1 0 0 K. 

Because of the first relation, there exists an element a G K* with: u{h) = So 
we have: 


A'(e, a, h) = A(e, a, h)(j^^ 


Ee{h) 

E{a) 


B'{a, b, h) = B{a, b, 
X\a, h) = X(a, 


H = {aUVf 


Moreover, since 'h and 'h' have the same weight, we have also: 


F(+)F(-)a = l 

So, by setting: E = K(+), we have: 

F(e) = 

Consider elements ^^(e, h) in R* depending on signs e, e and h. 

Let D be an oriented link diagram and D be the oriented resolution of D. Denote 
by d{D) the winding number of D. For each component C of D denote by g'{C) the 
{D \ ( 7 )-sign of a point in C. Denote also by g{D) the sum of all g'{C). It is clear 
that d{D) and g{D) are both congruent to the number of components of D mod 2 
and d{D) — g{D) is even. 
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For each signs e and h, denote by X (e, h) the set of crossings of D with sign e and 
D-sign h. If C is a component of D, denote by iV+(e, h, C) (resp. N_{e,h,C)) the 
number of crossing x in X{e, h) such that the over branch (resp. the under branch) 
containing x is in C. 

Set: 

G{D) = ^ hfeieXC)\ 

^ ^ u 

Let Do be the set of components of D. The element G{D) belongs to and 

induces, via the maps T, an automorphism A{D) : KH{D) —)■ KH{D) well dehned 
up to homotopy. 

By conjugation with these automorphisms, the functor T' is transformed into a 
new fonctor T". So, for each morphism / ; D —)■ D', we have a diagram which is 
commutative up to homotopy: 


KH{D) KH{D') 


A(D) 


A{D') 


KH{D) KH{D') 


This new functor is clearly isomorphic to T'. Let’s choose the elements x^,{*, *) such 
that: 

1 1 
x+{+, h)x+{-, h) = a;_(+, h)a;_(-, h) = 

o-(e-i)/2 

x+{e,h)x_{e, h) = 

It is easy to see that this choice is possible. In this case, a straightforward computation 
shows that T and T" agree on every elementary move and therefore on the category 
=Sfo- Thus T' is isomorphic to T and theorem 5.9 (and theorem B) is proven. □ 

5.10 Remark: Consider two isomorphic Khovanov functors of weight tt and tt'. 
Because of Proposition 5.7, we have: e{Ti') = e{Ti). In the case R = that implies: 
tt' = TT or tt' = —da. So we may ask the question: 

Two Khovanov functors of weight tt and —OH are they isomorphic? 

5.11 Khovanov functors and Probenius endomorphisms. If / is an endo¬ 
morphism of the Frobenius algebra R, it acts on the complexes KH{D) and trans¬ 
forms a Khovanov functor T to a Khovanov functor T'. Actually, if {a, E, F, W) and 
{a', E', F', IF') are parametrizations of T and T', we have: 

f(^(h)) = \a'(h) f{E.(h)) = E'Jh) 

f(F(h)) = F'(h) f(W(h)) = jW'(h) 
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where A is the element in K* such that: /(cu) = Xu. 

Therefore, if tt is the weight of T, the weight of T' is /(tt). Another consequence 
is the fact that there is no Khovanov functor invariant under the endomorphisms of 
R (at least if R is the universal Frobenius algebra Ro). 

5.12 Extensions of Khovanov functors. In section 1.7, a category of mixed 
cobordisms was introduced. This category is a monoidal category containing the 
category of cobordisms of closed oriented curves Moreover the functor associated 
to R extends to this category. Actually it is possible to dehne in the same way a 
category of mixed cobordisms of oriented links containing the category . So we 
may ask the following: 

5.13 Question: Is it possible to extend a Khovanov functor to a monoidal functor 
from the category of mixed cobordisms of oriented links to the homotopy category 
of K-complexes? 

If such an extension T exists, the morphism 'h(/) associated to a mixed cobordism 
/ would be a chain map with a non necessarily zero degree. Notice that, if L is an 
oriented link and L' is the same link but where the orientation of a sublink Li of L 
is changed, there is a homotopy equivalence from KH{L) to KH{L') of degree 2A, 
where A is the linking number between Li and L\Li. 

Actually there is another category between ^ and the category of dec¬ 
orated cobordisms, where a decorated cobordism is a mixed cobordism on the form 
(C, 0, u) or equivalently a pair (C, u) where C is a cobordism decorated by a map 
u : 7ro(C) —)■ R. Similarly there is a category .if" with: .if C C =Sf'. Using the 
operators T it is easy to extend every Khovanov functor to the category =Sf", but the 
extension to =Sf' is much more problematic. 

6. Invariant of knotted surfaces. 


This section is devoted to the proof of theorem C. 

Consider a closed oriented surface S contained in Up to isotopy, we may as 
well suppose that S is contained in x (0,1). So this surface is a cobordism in .if 
from the empty link to itself. Therefore, any Khovanov functor T sends this surface 
to a morphism from K to K which is the multiplication by an element 'h(S') G K. 
Because of proposition 5.7, we have: T(S') = if S is an unknotted connected 

surface of genus p and tt is the weight of T. That proves theorem C if S' is unknotted. 

In the classical case, the functor T was well dehned up to sign and Tanaka [Ta] 
and Rasmussen [Ra2] proved that T(S') is ±2 if S is the torus and 0 if S' is any other 
connected surface. Notice that e{S^) in the classical case is equal to 2 if p = 1 and to 
0 otherwise. 

Let’s say that (R, tt) is special if the following conditions hold: 

• (5 is invertible in R 

• TT is a square in R 

• R has a twisting element which is the square of a element x E R with: x = x~^. 
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6.1 Lemma: Suppose theorem C is true if (-R, tt) is special. Then the theorem is 
true in any case. 

Proof: Consider a Frobenius algebra R and a Khovanov functor 'F with weight 
TT G -R*. Let Ri be the following ring: 

Ri = Z[q;, a, a, b, c, d, (a + ba)~^, (a + ba)~^, (c + da)~^, (c + da)~^] 

This ring is a localization of a polynomial ring with 6 variables. It is equipped with 
an involution keeping a, b, c, d hxed and exchanging a and a. Set: 

(jJi = a + ba TTi = c + da 

Then Ri is a Frobenius algebra with generator a and twisting element Ui. It is easy 
to see that there is a unique morphism of Frobenius algebras / from Ri to R sending 
a,Ui,Tii to Q;,a;,7r respectively. 

Consider the following ring: 

R 2 = Z[i][p,g,pi,gi,p2,g2,P"\(l + g^)"\l/2,gr\(p2 + 92)"^] C C(p,g,pi,gi,p2,g2) 

The complex conjugation induces an involution on R 2 and R 2 is a Frobenius algebra 
with generator (pi +iqi)/p and twisting element p(l + ig)^(l It is easy to see 

that there is a unique morphism g of Frobenius algebras from Ri to R 2 such that: 

gi^a) = -{pi+iqi) g[uJi)=p 

p 

g{ni) =712 = {P2 + iq2f 

It is clear that the fraction field of R 2 is, via g, an algebraic extension of the 
fraction held of Ri. Then g is injective. 

On the other hand, R 2 has iqi as generator and the corresponding twisting element 
is: U 2 = with: 

l + iq 

X = - -- 

1 — iq 

and {R2,7i2) is special. 

Consider a Frobenius functor associated with the Frobenius algeba Ri with 
weight TTi. The morphisms / and g send to functors \F' and T 2 with weight tt and 
7r2. 

If the theorem is true for special pairs, it is true for 1^2. Since g : Ri ^ R 2 is 
injective, the theorem is also true for Ti and then for \F'. But is isomorphic to 
any Khovanov functor with weight tt. Therefore the theorem is true for T. □ 

Using this lemma, we may as well suppose that T is a Khovanov functor of weight 
71 and that (i?, tt) is special. So /9 = a — a is invertible and there exist x and y in R* 
such that: 

2 — 1 2 

UJ = X XX = I = y 


/ l + iq \ 
\l-tqj 
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and we may also suppose that d' is parametrized by (a, E, F, W) with: 
a{h) = 1 Ef,{h) = ehyx~^ F{a) = —ayx~^ W{h) = x~^ ^ x~^ 

From now on, we will suppose that all these properties are satished. The Khovanov 
data (A, B, C, X, Y, Z) associated to T will be denoted by 

Consider an oriented link diagram D. Let D° be the union of D and a trivial circle 
oriented clockwise and contained in half a plan disjoint from D. Let p be a point in 
this circle. The complex KH{D°,p, R) is naturally isomorphic to R®k KH{D,R) 
and the graded module E{D°,p, R) is naturally isomorphic to E{D,R). Denote by 
(pc the composite map: 

R(Zk KH{D,R) ^ KH{D°,p,R) ^ E{D°,p,R) ^ E{D,R) 

Because of theorem 2.15, this map is a homotopy equivalence and we have an explicit 
homotopy inverse of it (see remarks 2.14 and 2.16). 

Then for every elementary move f:D^D' (compatible with the orientations) 
the morphism : KH{D) —)■ KH{D') induces a well dehned i?-hnear map / : 
E{D, R) —)■ E{D', R). Since is functorializable the correspondance f ^ f extends 
to composite of elementary moves (i.e. to movie sequences). 

Consider an oriented curve T in the plane and a component C of T. We set: 

A(r,C') <a|h> 

where a is the winding number of C and h is the (T \ C')-sign of any point in C. 

If D is an oriented link diagram, we set: 

g{D) = Y[\{D, C) 

c 

where the product holds for every component C of the oriented resolution D oi D, 
q being the algebraic number of crossings of D and m (resp. n) the number of 
components of D (resp. D). 

Consider an elementary move f \ D ^ D' between oriented diagrams. Denote 
by tio{D) the set of components of D and by D the set of maps from tio{D) to {±}. 
Such a map is called a D-state. For each state a ^ D, denote by Y{a) the set of 
crossings of D between two components ci and C 2 with a(ci) ^ o'{c 2 ), by D{a) the 
oriented resolution of D((t) and by d{a) the number of components of D((t). By using 
the same notations with the diagram D', we have sets 7ro(D') and D' and, for each 
(j G D', a set Y'{(t), a diagram D'{a) and an integer d'{(j). 

This elementary move corresponds to a cobordism C between links associated to 
D and D'. So we have two maps from C to D and D', where C is the set of C-states 
that is the set of maps from 7ro(C) to {±}. Let a (resp. a') be a D-state (resp. a 
D'-state). We say that a and a' are compatible (or: a ~ a') if they are coming from 
a state of C. A straightforward computation shows the following: 
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6.2 Lemma: Let f : D ^ D' and a (resp. a') be a D-state (resp. a D'-state). 
Suppose that a and o' aren’t compatible. Then the morphism: 

0 Rv(a) E(D, R) E{D', R) A-^{Y'{a')) 0 Rv{a’) 

is trivial. 

An immediate consequence of this lemma is the following: 

6.3 Lemma: Let f : D ^ D' be a movie sequence represented by a cobordism C. 
Let a and a' be a D-state and a D'-state. Suppose the composite map: 

A-^(Y(a)) 0 Rv(a) E(D, R) E{D', R) A-%Y'{a')) 0 Rv{a') 

is not trivial. Then the two states a and a' are coming from a C-state. 

Let f : D ^ D' he a movie sequence represented by a cobordism C and r be a 
C-state. This state restricts to a D-state a and a D’-state a'. Dehne the map /(r) 

/(r) = pr' o f opr 

where pr (resp. pr') is the projection E{D,R) —)■ A~'^{Y{a)) ® Rv{a) C E{D,R) 
(resp. E{D',R) A~^{Y'{a')) ® Rv{a') C E{D',R)). The map /(r) vanishes on 

A~^{Y ((Ti)) 0 Rv{ai) for ai ^ a and is the composite: 

A-\Y{a)) 0 Rv{a) E{D, R) E{D', R) A-\Y'{a')) 0 Rv{a') C D(D', R) 

on A~^{Y(a)) 0 Rv{a). 

We have clearly the following: 


/ = 

T 


If / corresponds to a closed surface S, fiy) is the multiplication by an element 
S{t) G R. Clearly 'L(S') is the sum of all S{t). 

Consider now an elementary move f : D ^ D' corresponding to a cobordism 
C. Consider a C-state r. This state restricts to a D-state a and a D’-state a'. A 
straightforward computation, case by case, gives the following: 


6.4 Lemma: Suppose f is a Reidemeister move of type R{e, a, h). Denote by c the 
component of D which is modified by f. Then the morphism /(r) is the map: 

u 0 v{a) I—)■ M 0 wv{a') 


with: 


p(D')\(-(c)) 


9{.D{a)) 


< <j{c) \ — eh > 
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6.5 Lemma: Suppose f is a Reidemeister move of type b, h). Let and 

he the created crossings with sign + and —. Denote by c+ (resp. c_j the component 
of D containing the over (resp. under) branch of the move. Then the morphism f{T) 
is the map: 

u ® v(a) u 0 wv((j') 


with: 

f g{D')\DL+)) 

if a(c^) = ct(c_) and the map: 


9i.D{a)) 


< ct(c+)| — ab > 


u 0 v(a) H-)■ x+AX_AU 0 wv(a') 


with: 


9{D'{^')) 

9{.D{a)) 


< (J{c+)\b >< a{c_)\a >< a(c+)|a(c_) > a;-Ma-(c+)+Mc-))(i-«x(c+)a(c_)|ab» 


otherwise. 


6.6 Lemma: Suppose f is a Reidemeister move of type III(e, a, b, c, h). Let Ci (resp. 
C 2 , Cs) be the over branch (resp. the middle branch, the under branch) of the move. 
Then the morphism f (r) is the map: 

u 0 v{a) u0 wv{a') 


with: 

Ag{D')ADLP) g{D\a')) 
^ \g{D)) g{D{a)) 

if a{ci) = (j(c 2 ) = o-(c 3 ), and: 


in the general case. 


w = 


9{D\cr')) 

9{.D{a)) 


o'(ci)a(c3) 


6.7 Lemma: Suppose f is a surgery move of type {0,a,h). Let c be the created 
circle. Then the morphism f (r) is the map: 

u 0 v(a) u 0 wv((j') 


with: 


w = 


( g{D') 

:g(D) 



D'L)) 


9{D\cj')) 

9{.D{a)) 



D'L)) 


6.8 Lemma: Suppose f is a surgery move of type (1, a, h). Let c be the component 
of the cobordism containing the modihed branches. Let: e = 1 (resp. e = 0) if the 
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surgery increases (resp. decreases) the number of components of the link. Then the 
morphism f (r) is the map: 


u (8) v{a) t—)■ M (g) wv{a') 


with: 



9i.D{a)) 



Tic)) 


< r(c)|/i > 


6.9 Lemma: Suppose f is a surgery move of type (2, a, h). Let c he the component 
removed by the surgery. Then the morphism f{T) is the map: 

u (g) v{(j) I—)■ M (g) wv{a') 


with: 


w = 



9{D\cr')) 

9{.D{a)) 





< a(c) I — h > 


An easy consequence of these lemmas is the following: 

6.10 Lemma: Let f : D ^ D' be a movie sequence corresponding to a cobordism 
C. Let T be a constant C-state sending each component of C to a sign e. Let no 
(resp. n 2 ) he the number of surgery moves in f of index 0 (resp. 2). Let nf (resp. 
nf) be the number of surgery moves in f of index 1 which increases (resp. decreases) 
the number of components of the link. Then the morphism f (r) is the map: 

u (g) v{a) u® 


with: 


- 9{Df ^ 


6.11 Corollary: Let S be a surface in R^. Let pi be the genus of the i-th component 
of S. Let T be a constant S-state sending each component of S to a sign e. Then we 
have: 




I 


Proof: Let k be the number of components of S and p be the sum of the pds. 
Numbers no,nf ,nf ,n 2 are related with a handle decomposition of S and there exist 
two integers a,b > 0 such that: 

no = k + a nf=p + b nf=p + a n 2 = k + b 
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So we have: 


= (3\xy-^f'i = {I3x^y-y = {5/%^ 

with q = p — k = J2iiPi ~ !)• The result follows. □ 

Let f : D ^ D' he a movie sequence corresponding to a cobordism C and r be a 
C-state. Dehne the sign s{f,T) by the following: 

Suppose / is a Reidemeister mode of type III. Denote by Ci (resp. C 2 , C 3 ) the 
component of C containing the top branch (resp. the middle branch, the bottom 
banch) of the move. In this case we set: <s(/, r) = —1 if t(ci) = t(c 3 ) = —r(c 2 ) and 
s(/, r) = 1 otherwise. 

If / is another elementary move we set: s(/, r) = 1. 

If / is a movie sequence: / = (/i, / 2 ,..., /p), we set: s(/, r) = H* r). 

If S' is a closed oriented surface in R^, S corresponds to a movie sequence / and 
we set: s{S,t) = s(/,r). 

6.12 Lemma: Let S be a surface in and r be a S-state. Let Si be the i-th 
component of S, Pi be the genus of Si and Ci be the sign r(Sj). Then we have: 

Sir) - 

i 


Proof: Denote by S+ (resp. S_) the submanifold of S where r is equal to + (resp. 
—). By moving down S_ along the vertical axis in R^, we get a new surface S' which 
is isotopic to S+ ]J S_. The S-state r induces a S'-state r'. Because of the corollary 
we have: 


s'(r') = 5+(+)5_(-) = n 


5 hi) 

TT/ 


I 


Suppose the morphism / corresponding to S is a movie sequence: / = {fi,..., f^) 
where /* is an elementary move from a diagram Dj_i to a diagram Di. Then the 
morphism corresponding to S' is a movie sequence: f = (/(, / 2 ,..., /(,) where // is 
an elementary move from a diagram to a diagram D'. For every i = 1,2,..., k 
we have: 



g{Di_i{ai_i)) 


Ti{r) 



gmo) 

^(D'_i(n'_J) 




{r') 


Using lemmas 6.4 to 6.9, we check that ipiir) and ip'iir') are allways the same except 
for type III Reidemeister moves. In these cases, we have: 


T'iij') = s{fi,T)(pi{T) 


Thus we have: 

S(r) = Yl<Pi{T) 


n = s{f, r) JJ (^'(r') = s{S, r)S'(r') 
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and the result follows. 


□ 


6.13 Lemma: Let S be a closed oriented surface in and r be a S-state. Then 
we have: 


s{S,t) = 1 


Proof: Because of lemma 6.12, s{S,t) is invariant under isotopy. But s{S,t) is also 
invariant under surgery moves. Therefore s{S, r) depends only on the cobordism class 
of (S', r) in the group 12 of cobordisms of bicolored surfaces in R^. The Pontryagin- 
Thom construction implies: 

12 = 7r4 (M^Oa V MSO 2 ) = ^MUi V MUi) = V BUi) 

Denote by E the space of paths in BLfi ending at the base point. The homotopy 
hber F of the inclusion BUi V BUi C BUi x BUi is the following: 

F = Ex LlBUi U LlBUi x E 

Q,3Ui xQ,BUi 

But we have a homotopy equivalence: {E, QBUi) ~ (R^, S*^). So we get a homotopy 
equivalence: 

F ^ B^ xS^ U S^xB^ = S^ 

SixSi 

and we have: 

12 ~ 7r4(F) ~ 7r4(S'^) ~ Z/2 

Since s{S,t) depends only on the class of (S', r) in 12, we have a map (/) : 12 —)■ {±} 
such that: 

s(^,r) = :^([R,r]) 

where [S', r] is the cobordism class of (S', r). By testing this formula for the empty 
surface we get: (/^(O) = 1. Then the last thing to do is to determine s(S', r) for some 
bicolored surface which is not trivial in 12. Following [CKSS], the non zero element 
in 12 is represented by two tori and T_ where T+ intersects R^ x {0} in a Hopf 
link H and T_ is the boundary of a regular neighborough of one component of H in 
R3 X {0}. 

Consider a movie sequence / from the empty diagram to the diagram Z2 of a Hopf 
link, given by a 0-surgery, two Reidemeister moves of type T|] and a 1-surgery. Denote 
by / the inverse move. So T+ is represented by the movie move (/,/). Consider a 
movie sequence /i from Z2 to a diagram Di given by a 0 surgery, two Reidemeister 
moves of type IR and a 1-surgery. This movie creates two circles Ci and C 2 in a 
neighborough of a component C of the diagram D. By moving Ci around C, this 
circle goes through the other component of D and we have a movie sequence /2 from 
Di to a diagram D 2 given by a Reidemeister move of type IR, two Reidemeister moves 
of type III and a Reidemeister move of type 11“. By moving C 2 around the other 
part of C, we get a movie sequence /s from D 2 to given also by a Reidemeister 
move of type IR, two Reidemeister moves of type III and a Reidemeister move of 
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type 11“. Finally we have a movie sequence from to D given by a 1-surgery, 
two Reidemeister moves of type 11“ and a 2-surgery. The diagrams D, Di, D 2 and 
are the following: 



The movie sequence (/,/i,/ 2 ,/s,/ 4 ,/) represents a bicolored surface S which is 
not zero in hi. On the other hand, among the movies /, / and the /*, only /2 and /s 
contains some type III Reidemeister moves. So we have: 

s{S,t) = s(/ 2 ,r)s(/ 3 ,r) = (-1)(-1) = 1 

Then the map (p is trivial on O and the result follows. □ 

Now we are able to prove theorem C. Let S' be a closed oriented surface in R^. 
Denote by Si the Tth component of S and by pi the genus of Si. Denote also by 
Ui the element {6/7iiy^~^. A S-state is characterized by the signs e* = r(Sj). So we 
have: 

>ns) =5:§(r)==ERT'=n(“.+^.) 

T i e* 2 i 

and the desired result follows from the obvious relation: 

\/u ^ R, u + u = e{6u) □ 

6.14 Remark: We can extend the functor T to the category of decorated 
cobordisms of links. Consider a closed oriented surface S in R^ decorated by u. This 
decoration sends each component Sj of S to an element Ui G R. In this case we have: 

T(S,«) = 

i 

where Pi is the genus of Sj. In any case \h(S, u) doesn’t depend on the embedding 
S c Rh 
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